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BBenenmue.

Momnorpadusi mocBsIeHa CHHTYISPHBIM W COOCTBEHHBIM (DYHKIIUSIM
JIMHEWHBIX JUHAMUYECKUX CUCTEM. [{JIsI CTAHOBJIEHHS JIMHEMHOW TEOPUU OTepa-
TOPOB OOJIBINIOE 3HAYEHWE ChITpaid MATpPUIBl. Y MaTpHI], KaK MU3BECTHO, €CTh
COOCTBEHHBIE YHCJIa U COOTBETCTBYIOIIME UM COOCTBEHHBIE BEKTOPHI. Teopuio
MaTpHUIl HEBO3MOXHO NPEACTaBUTH 0€3 ATUX (yHIAMEHTAJIbHBIX TMOHSATHUM, a
KHUTH TI0 BBIYUCIUTEIILHOM MaTeMaThKe — 0€3 COOTBETCTBYIOIIETO pa3feia 00
aJrOPUTMAax UX HAXOXKICHHUS.

Teopruss DUHAMHYECKHMX CHUCTEM HCIOJB3YET CBOWCTBO JIMHEWHOCTHU
HEJIOCTATOYHO MOJHO. JIMHeWHas AuHaMHUYecKas cucTema, OyIy4d eCTECTBEH-
HBIM 000O0IIIEHHEM TEILTUIIEBBIX W TAHKEJIEBBIX MATPHIl, HE pacCMaTPHUBAETCS C
TUMUYHOU JIJIE MATPUI] TOUKHU 3pEHUS, COOCTBEHHBIC YHCIIa 1 COOTBETCTBYIOIIHE
UM COOCTBEHHBIC (DYHKIIUU HE MIIMYTCS. XOTA U TO U JAPYroe XapaKTepHO IS
WJUTIOCTpAIlM HanboJiee BaXKHBIX CBOMCTB JIMHEHHBIX OMEPAaTOPOB, PEIKUI CIie-
[AAJTMCT TI0 TEOPHUH YIPaBIEHUSI, CKAKEM, YKaXKET, HE 3a]lyMbIBasCh, COOCTBEH-
HYI0 (DYHKIIUIO 3JIEMEHTapHOTO JMHAMUYECKOTO 3BeHa Ha 3aJJaHHOM HWHTEpBaJIe
BpeMeHH. bosee Toro, camo 3To MOHATHE — COOCTBeHHass (QYyHKIMS TUHAMHUYE-
CKOM CHCTEMBI (B OTJIMYME OT UMITYJIbCHOM U NIEPEXOTHON XapaKTePUCTHK) — HE
OTHOCHUTCS K OOIIETTPUHSATHIM HaYYHBIM COOOIIIECTBOM.

B teopun maTpuil €CTh Tak Ha3bIBAEMbBIE KOPAAHOBBI LIETIOYKHA BEKTOPOB.
’KopmaHoBa 11emoyka BKJIOUaeT COOCTBEHHBIN BEKTOP, MMOATOMY JIF00asi MaTpuIiia
MMEET KaK MUHUMYM OJWH COOCTBEHHBIH BEKTOp. Y OECKOHEYHOMEPHBIX CHC-
TEeM Takas IEeMoYKa MOXKET OBITh JIETKO MOCTPOCHA, HO HE HaXOJs 3aBEepILICHHUS,
OHa yIycKaeT coOCTBeHHYI0 (PpyHKIMIO. JIMHEHHbIE TUHAMUYECKHUE CUCTEMbl HE
MOBTOPSIOT 110 (hOpMEe BXOJIHOU CUTHAJI, YTO MO3BOJISET CYUTATh, UTO COOCTBEH-
HbIX (YHKIIUH Ha OTpaHMYCHHOM HMHTEpBaje BpeMEHHU Y HUX HeT. HekoTopslii
PYIUMEHT COOCTBEHHOM (DYHKIIMU MPEACTABISIET COOOM JenbTa CUTHAJ, IIO-
CKOJIbKY peaKIiusi Ha Hero, T.€. UMITYJIbCHAas BecoBasi (PyHKIIMSI, IO OTHOILICHUSM

AMIUIATYD HUYTOXHA, CUCTEMA UMCCT IOYTU HYJICBOC cOOCTBEHHOE 3HAUYCHHUE.
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B kauecTBe cOOCTBEHHBIX ()YHKIMI MHOT]Ia YKa3bIBalOT TapMOHUYECKUE
CUTHAJIbI, B3AThIe HA O€CKOHEUYHOM MHTEepBaje BpemeHu. He menssicek o dopme,
TaKOM CUTHAJI CMEIIAETCsl BO BPEMEHU: JINHEHHA JUHAMUYECKas CUCTEMA BHO-
cut (azoBelii caBur. Ha OeckoHEUHOM HMHTEpBajie KOHEYHOE CMEIEHHE CMOT-
PUTCS HUYTOXXHBIM, TEM HE MEHEe, KaK M B CJIy4ae C MOIMBITKONH 0000IIeHus
COOCTBEHHOI'0 BEKTOpa, Nepe/l HaMH, CKopee, PYAUMEHT COOCTBEHHON (DYHKIIHMH,
yeMm cama 3Ta cooctBeHHass QpyHkius. KpoMe coOOCTBEHHBIX BEKTOPOB Y MaTpHII
€CTh €Ille CUHTYJISIpPHBIE BEKTOphl. ['apMoHMueckast PyHKIIMS, XapaKkTepHas IJis
YaCTOTHOTO aHaiu3a, OJukKe K 3TOMY MOHSITHIO, YeM K COOCTBEHHOMY BEKTOPY,
C Hell cBsi3aH KO3(PPUUIMEHT YCUIICHUS SHEPTUM CUTHAJA.

XKopnanoBsl 11enoYkH GYHKIUA MOTYT CTPOUTHCS OT UMITYJIbCHOW BECO-
BOM WM nepexonHoN (QyHKIuM (IpU HYJIEBOM COOCTBEHHOM 3HAYEHUU) U UT-
paTh CBOIO POJIb B TEOPUU JMHEHHBIX AUHAMUYECKUX CUCTEM, 00pasys »*opja-
HOB 0a3uc, 70 CUX MOpP PEIKO UCMoyb3yeMblid. EfqBa 11 ecTh COMHEHHUS B BaX-
HOCTHU Takoro 0azuca y maTpuil. Eciiu mepelTu K ONuCaHuIo JIMHEHHON HUHA-
MUYECKON CHUCTEMBbI NEepelaTOYHOW (PYHKIMEH KOMIUIEKCHOW NMEPEMEHHOH, TO
($a30BbIi CABUT MOKHO YY€CTh, OJJHAKO TaKOE ONEPUPOBAHME HJET HE BO Bpe-
MEHHOW 00JaCTH.

["apMoHnYeckue curHaibl, Kak OyJeT MoKa3aHo Jajiee, HE BHINAJAI0T U3
TEOpUHU, paccMaTpuBarollel 0osee MOAPOOHO MEPEXOa OT KOHEUHOIro K OecKo-
HEYHOMY MHTEpBAJIaM BpEMEHHU. B Teopun CUrHAIOB CXOIHBIM NEPEXO U3YUEH,
B TEOPUM CHUCTEM Takas TOYKA 3PEHUS HOBA U UCCIEAYETCS B JaHHOU KHMUIE.
Teopus MaTpull 1aeT Ha UHTEPECYIOLIUMN HAC Clly4al BIIOJIHE MPO3PAYHYIO WII-
JOCTpauuio. Marpuibl TEIUIUIEBOW U TaHKEIEBOW CTPYKTYpPHI TECHO CBsSI3aHBI
MeXxAy coOOM, 3TO MOYTH OJHO U TO K€: CUMMETpPUYHAs TaHKeJleBa MaTpuila
MOPOXKIAETCS U3 TEIUIUIEBOM CTPYKTYpHI NepecTaHOBKOM cToa610B. [Ipu aToMm,
KaK u Jr00as apyrasi CHMMETpUYHAsl MaTpUIla, TaHKeJIeBa MaTpUlla UMeeT Habop

BCIICCTBCHHBIX COOCTBEHHBIX 3HAYCHUN U COOCTBEHHBIX BCKTOPOB.



JIns TUHEWHBIX NTHUHAMWUYECKUX CHCTEM JOBOJBHO BCE PAaBHO, B KaKOM
MMEHHO HANpaBJIEHUU BPEMEHU PACCMATPUBATH MX BXOJHOW HWJIM BBIXOJHOMU
curai. MHBepTUpys BpeMs Ha BXOJI€ WM HA BBIXOJI€ TUHAMUYECKON CUCTEMBI,
MIOJIyYUM aHaJOI CUMMETPUYHON TaHKEIEBOW CTPYKTYPBI, ECTECTBEHHO MMEIO-
1Ieil BenieCTBEHHbIE COOCTBEHHBIE YHCIa U COOTBETCTBYIOIINE UM COOCTBEHHbBIE
¢byakuuu. CoOCTBEHHbIE BEKTOPHI WM (YHKLIUU TAaHKEJIEBON CTPYKTYpPHI SIBIIS-
I0TCS CUHTYJIIPHBIMH JIJIs CTPYKTYpPBI TEIUTUIEBOM, TakuM 00pa3oM, BbIOOp Ha-
3BaHUs TAKUX CUTHAJIOB, JIEJIO BKYCA.

Hukakoll myTaHUIbl IOHATHE CUHRYIAPHOU PYHKYUU OUHAMUYECKOU CUC-
meMbl HE BBI3BIBAET, MOCKOJIBKY Takas (QYHKIUS — aTpuOyT CHUCTEMBI, 3TO He
CBOICTBO camoro curHana. [lonstue cunrynsapHoi GpyHKUIMU (0€30THOCUTEIBHO
K CHCTEME) B TEOpUH (PYHKUUN 3aHATO, B YACTHOCTH, J1eNbTa-QyHKIUEH U CXO/I-
HBIMH C HeW QyHkiusMu. Tem He MeHee, COBEPILIEHHO HE3aueM CHUHTYJISPHBIM
BEKTOpP MaTpHIbl 00001IaTh KaKUM-THOO €llleé MHBIM HAaWUMEHOBAaHHEM, KPOMeE
KaK CUHTYJIsIpHAst QYHKUIUS JUHAMUYECKON CUCTEMBI.

[lamsaTys o Oe3pa3nuuuu B BHIOOpE HAIPABICHUS BPEMEHM [JIsI CaMOro
OTpeJIeNIeHHs] TUHAMHYECKOM CHUCTEeMbl, Takue (DYHKIIMM MOKHO Ha3blBaTh U
COOCTBEHHBIMH, YTO MpoIle U OyAUT MeHblIE Bo3paxkeHuil. Jleno, pasymeercs,
HE B BBIOOpE YJaUHOTO HAMMEHOBaHUS, XOTS U 3TO BaxHO. Kok ckopo coOCT-
BEHHBIE YKCJIa U COOCTBEHHbIE (DYHKIIUU y JIMHEWHON AMHAMUYECKON CHUCTEMBI
BCE-TAaKU CYIIECTBYIOT, U 3HAUCHHUE UX CTOJIb K€ BAKHO JJISI TEOPUM JTUHAMUYE-
CKHX CHUCTEM, KaK W JJI TEOPUU MATPHL], BOZHUKAET NOTPEOHOCTh B UUCICHHBIX
Y QHAJIMTUYECKUX METOIAX UX HAXOXKICHHUS.

Teopust maTpuil pacroyiaraeT OOIIMPHBIM apCeHAIOM YMCIEHHBIX METO-
JOB, €CTh TPYJbl, BOUIEAIINE B KIACCUKY MUPOBOW TEXHUYECKOW JINTEPATYPHI.
C HEKOTOpBIMU OTOBOPKAMH M TMOINPABKAMH, YHUCICHHBIE METOBI JJII MaTpULL
MOTYT OBITh HMCHOJB30BAHbl JJI MPUOJMKEHHOTO HAaXOXACHUS COOCTBEHHBIX
byHKUMNA TuHAMUYecKuX cucteM. Ho BakHBI U caMOCTOSITEIbHbIE TOYHBIE ME-

TOAbI PCIICHUA TaKou 3ala4H.



B otnumumne oT maTpuL, IMHENHA TUHAMUYECKasl CUCTEMA, B 3aBUCUMOCTH
OT YCJIOBHUH DKCIIEPUMEHTA C HEH, BBICTYNAET B BECbMa Pa3JIMYHBIX CBOMX HMIIO-
cracax. llomuMo ynoMsHYyTOW WHBEPCUM HAIPaBIEHUS BPEMEHU, BXOIHOW H
BBIXOJIHOM CUTHAJIBI MOYKHO paccMaTpHBaTh Ha YAaCTUYHO COBMEIICHHBIX WIIH
HEIMEPECEKAIOIINXCSl UHTEpBAJIaX BpEMEHU. THUIIMYHBIE 3a1a4M CTapTa PaKeThl
WM Opocka AMCKO00JIa NCIOIB3YIOT TOCTAHOBKY, B KOTOPOW MHTEpPBaJ yIpaB-
JIEHUS TPEIIeCTBYET HHTEPBAy HAOMIOAEHUS BBIXOJAHOTO CUTHaa. JIMHEHHbIiI
oreparop nosnyyaercs 0osiee MPOCTbIM, YEM B CIIy4ae IMOJIHOCTBIO MIM YACTUYHO
MEpeceKaroUXCcsl HHTEPBAJIOB, 3ajaya IIOMCKAa TaHKEJIEBbIX COOCTBEHHBIX
GyHKUMNA MaTEeMaTUYECKU TPUBHAIM3UPYETCS U HE TpeOyeT B perieHuu O00Jib-
IIMX BBIYHUCINTENBHBIX 3aTpaT.

[lepenarounast pyHKIUS TUHAMHYECKOW CUCTEMBI, 3TO HU300paK€eHUE 10
Jlannacy cursana — peakiUM CUCTEMBI Ha 1€TIbTa-()yHKLHUIO.

["ankeneBsl PyHKIUMU NepenaTOYHON (YHKIMH TUHAMUYECKOW CHUCTEMBI
MIOCTYJINPOBAHbI, UX MOKHO HailTH B kHUTe [ 'moBepa [125].

Teopust AMHAMHUYECKUX CUCTEM U TEOPHUS CUTHAJIOB — JBE CMEXKHBIE TEC-
HO IepeceKaromuecss o0acTu 3HaHUM. B Teopuu CUTHANOB CIOXKWINCH IPE.-
CTaBJICHUS O HETPEPHIBHOM U TUCKPETHOM CIIEKTpaXx, a Takke 00 UX B3aUMOCBSI-
31 (KOTJa OJUH CIEKTpP ammpoKcuMupyert Aapyroi). TepmuH "nuckperHbie" 1o
OTHOILEHUIO K CUCTEMaM 3aMETHO IPUKUICA B TOM, YTO Kacaercs NUHaMHU4Ye-
CKUX TpoueccoB. [IpUBBIYHBIM SIBISETCS JeJeHHe OOLIEeH TEOpUU Ha TEOPHIO
HETPEPBIBHBIX U JUCKPETHBIX TUHAMUYECKUX CUCTEM, IPUUYEM BTOPAsl €€ YaCTh
pa3BHUBaNIACh MO3/IHEE MOJ] BIUSHUEM NIEPBOM OoJsiee MPOABUHYTOM YaCTH.

CnexrTpanpHble XapaKTEPUCTUKHU JIMHEWHBIX NTHUHAMUYECKUX CHCTEM H3-
BECTHBI, MPEXkJE BCEro, Kak HEMpephIBHBIE aMIUIUTYAHAs YacTOTHas U ¢a3oBas
xapaktepuctuk (AUX nu ®UX), 3HaueHrue KOTOPHIX CTOJIb CYIIECTBEHHO B TEO-
pHUH, YTO HE HYXKJIaeTcsd B KOMMeHTapusx. Ha ux ocHoBe opmynupyercs Kpu-
Tepuii yctoitunBoctn HaitkBucra. OJHAaKO AUCKPETHBIE YACTOTHBIE XapaKTEPH-
ctuku (JUX) cucrem — 53TO Apyras vHas UIOCTAaCh HayKH O AUHAMHUKE, pac-

CMOTPHUM €€ HUXKE.



I'nasa 1.

CI/ICTeMaTI/I3aIII/Iﬂ JIMHENHBIX onepaTopoB ITMHHAMHYECCKHUX CUCTEM

1.1. AccounupoBaHHbIe JTHHEHbIE ONEPATOPHI

CraHJapTHBIM CPEICTBOM OIMCAHUA JIMHEHHBIX TUHAMUYECKUX CHCTEM
ABIIAETCS omnepaTop cBepTku. OH XapakTepu3yeT OTOOpakeHHE MHOXKECTBa
BXOJIHBIX CHUTHAJIOB, BO3JCHCTBYIOLIMX Ha CHUCTEMY Ha HWHTEpBaJe BpPEMEHHU
(0,T), B MHOXECTBO BBIXOJIHBIX CUTHAJIOB, pACCMAaTPUBAEMbIX Ha TOM € CaMOM
uHTepBajie. Takol ornepaTop OTBEYaET PEXUMY pabOThl CUCTEM B peaIbHOM
BPEMEHHU, TUIUYHOMY JJisi OOJIBIIMHCTBA 3aJady TEOPUU aBTOMATHYECKOIO
YIPABICHUS U TEOPUH DICKTPUUECKUX LIECTICH.

Opnako s psaa 3amad, HapuMeEp B TeX ClydasiX, KOTJa HHTEPBAJIbI
yIpaBiieHUs U HaOJIOJEHUS HE COBNAAAIOT, OKA3bIBACTCS YAOOHBIM HCIIOJIB30-
BaTh MHbBIE ONEPATOPHI, HAIPUMEP TaHKEIEB ONEPATOP, ONEPATOPHI YIPABICHHUS,
HaOmoaenus u apyrue [20, 82]. Ha gene, Henb3st OrpaHUYUTh KPYT JTUHEWHBIX
OIIEepaTOpPOB, MPUMEHAEMBIX ISl OMMCAHUS OJHOTO M TOTO K€ JUHAMUYECKOTO
oObekTa. [laxke OTHOCUTENHHO HEOONbIIME U3MEHEHHS B YCIOBUAX MOJAYU U
CHSITUSI CUTHAJa CKa3bIBAIOTCA Ha CBOMCTBAX omNepaTropa JUHEHHOW AuHamuye-
CKOM CUCTEMBI.

Hacrosimias riaBa onuchIBa€T U CUCTEMATU3UPYET Psijl OIEPaTOPOB, acco-
UUPOBAHHBIX C JTUHEHHON TMHAMHYECKOW CUCTEMOM M 00JIaaloluX pa3HbIMU
BujgaMu cummeTpuu. [Ipu aToM Hapsny ¢ 0OBIYHOM paccMaTpuBaeTCsS CUMMET-
pUs TaHKeJIeBa U TEIUIUIEBA TUIIA, & TAK)KE HEKOTOPBIE BHUJbI CKPBITOM CUMMET-
pun. CUMMETpPUYHbIE CUCTEMBI YacTO HaJEJeHbl YHHKAIbHBIMH CBOWCTBAMH,
KpOME TOro, 4epe3 HHUX JICKHUT MYyTh K PEHICHUI0 HEKOTOPBIX SKCTPEMAIbHBIX

3aJa4d, B OCO6CHHOCTI/I, HU30IICPUMECTPHUYICCKUX 3a/1a9 U 3a/[a4 Ha YCHOBHBIﬁ 9KC-

TPEMYM.



JI1si TOCTPOEHMSI HOBBIX ONEPATOPOB MPEMJIAraeTcsl UCIOJIb30BATh MOJ-
XOJl, OCHOBaHHBI HA CHMMETPUPOBAHUH UCXOAHOTrO omneparopa. IIpu stom nox
CUMMETPUPOBAHUEM TTOHUMAETCS BBISIBICHHE CKPBITOM CHMMETPHUM OIEpaTopa
100 BBIACIIEHUE €TO CUMMETPUYHBIX KOMITOHEHT.

B nuneiinoil anrebpe U Teopuu OonepaTopoB CYIIECTBYIOT MYJIbTHUIUIMKA-
THBHAs W aJJUTUBHAs NPOLIEAYPHI BBIICICHHUS CUMMETPUUYHBIX YacTEH JIMHEH-
HBIX ONEPATOpPOB. B HUX UCIONB3yeTCs MPENCTABICHUE ONlEpaTopa B BUAE CyM-
MBIl CUMMETPUYHON U KOCOCHMMETPUYHOM COCTABIIAIOLINX, & TaKKE MOJISIPHOE
paznoxeHue. Jlanee Moka3pIBae€TCs, YTO ISl JIMHEWHBIX TUHAMUYECKUX CUCTEM
o0e mpoueaypbl MOT'YT OBITh BBIIIOJHEHBI C MMOMOIIBIO TaK HA3bIBAEMOTO (JIHII-
oIepaTopa, OCYILECTBISAIOUIETO NMEPEXO] K 00paTHOMY BpEMEHH. DTUM obecte-
YUBAETCS MPOCTOTA UX TEXHUYECKON peaTnu3aluu.

KoMOuHupoBaHue pe3yiabTaToOB MO3BOJIAET MOIYYUTh HA OCHOBE MCXO/I-
HOT'O OllepaTopa, HalpUMep, OlepaTopa CBEPTKH, CEMENCTBO JIMHEWHBIX OIepa-

TOpPOB, 06J1a11a}01unx Pa3sHbIMU TUIIAMH CUMMCTPHUU.

1.2. ITouck CMMMETPUYHBIX HJIM CAMOCONPSAKEHHBIX YacTeH

Haubonee rnybokue pe3yabTaTbl TEOPUU ONEPATOPOB MOJTYUEHBI JJIs Ca-
MOCOTIPSKEHHBIX CHUCTEM. JTO OOBACHSETCS TE€M, YTO OHU O0JaJar0T BBICOKOM
CTEIECHBIO CHMMETPHH, XapaKTepH3yeMoii paBeHCTBOM A =A .

MHorue onepaTopbl, BOSHUKAIOIINUE IPU UCCIEAOBAHUM JTUHEHHBIX TUHA-
MUYECKUX CUCTEM, HE SIBJIAIOTCS CUMMETPUYHBIMU B YKa3aHHOM KJIACCHUYECKOM
cMbIciie. TUTMYHBIM PUMEPOM CITYKHUT OIEPaTOp CBEPTKH, a TAKKE ONepaTophl
ynpasieHus 1 HaOmoaenus. [loatomy npeacraBiser MHTEpeC 3ajaya CUMMET-
PUPOBaHMSI 3TUX ONEPATOPOB, T.€. MEPeXo/ia OT HUX K CUMMETPUYHBIM WUJIU Ca-
MOCOTIPSKEHHBIM OIepaTopaM, COXPAHSIOUIUM T€ WM MHbIE CBOMCTBA MCXOJ-

HBIX OTIEPaTOPOB.



CHauvasia OCTaHOBMMCSI Ha MYJIbTHIUIMKATUBHOM MOJXOJAE K BBIICIICHUIO
CUMMETPUYHON YacTH JIMHEHHOro omneparopa. OH ONUpaeTcs Ha XOpOUIO M3-

BCCTHOC ITIOJIAAPHOC PA3JIOKCHHUC OIICPATOPOB COTTIACHO q)OpMy.He

A=H101=02H2, (121)

rae A — ucxoaHsld oneparop, O; u O, — OPTOroHANIbHBIE (M30METPUUECKUE)
oneparopsl, H; u H, — CAMMETPUYHBIE WU CAMOCONPSIKEHHBIE ONIEPATOPHI.

Yka3zaHHbIC OonIcpaTopbl MOT'YT OBITH HaﬁI[CHLI U3 COOTHOILICHUH
* * — -1
H'=AA"; H;=A"4; O,=H'4; 0,=AH,".

CummMmeTrpuuHble onepaTopsl HH; u H, HaclenyroT psij BaKHBIX CBOICTB
ornepaTtopa A, B YaCTHOCTH, UMEIOT TE€ K€ CHHIYJIApHbIE uucha (M, cleaoBa-
TEJIbHO, CIIEKTPAIbHBIE HOPMBI), & UX CUHTYJIApHbIE (DYHKIMH CBA3aHBI IPOCTOM
3aBHCHMOCTBIO. 3aMETHM, YTO €CIIM HE TpeOOBaTh MOJIOKUTEIBHONW ONpeeIeH-
HOoCcTH H), H,, TO yKa3aHHOE pa3lIOKCHHE HE €IUHCTBEHHO, T.€. CYLIECTBYET
MHOT'0 MOJIIPHBIX Pa3jl0KEHUN OJHOTO M TOTO e orneparopa (1o 4uciy KBaj-
PaTHBIX KOPHEHN U3 CAMOCOIPSIKEHHBIX ONIEPaTOPOB AA" u A A).

[IponsrocTpupyeM 3TOT NMOAXOJ HA IIPUMEPE OlepaTopa CBEPTKU S, KO-

r/1a JIMHEHHBIN CTallMOHAPHBIN O0OBEKT OMKUCHIBAETCA POpMYII0it
t
(1) =Su(t)= j q(t — u(r)dr, (1.2.2)
0

rie S — omepaTop CBEepTKH; ¢(f) — €ro UMIyJIbCHas BecoBas (YHKIHUSA;
u(t), y(t)eL,(0,T) — BXOAHBIC ¥ BBIXOJHBIE CKAJSIPHBIC CUTHAJIBI, OIPE/ICIICHHbIC

Ha orpanndeHHoM untepBaie ¢ € (0, T).



Ananus OoICpaToOpoOB CHUCTEMBI YIIPOIIACTCA IIOCJIC INMPUBCIACHHA YPABHC-

HUN TUHAMUYECKOT0 00BhEKTa K JUCKPETHOM MaTpuuHOU (hopme

y=Qu,

rae sexroper u(f) =[u(ty)u(t) - ult ) 1 y(O) =[ ¥(t)o 38,y )]
conepmaT BBI60pKI/I BXOJHOI'O M BBIXOJHOI'O CUTHAJIOB, B3ATHIC C IIIaIrOM h, fo =O,
=T, h=T/N.

HeHy.IICBBIe QJICMCHTBI ManI/I]_IBI Q HpOHOpI_II/IOHaHBHBI oTcyecraM HUM-

yJbCHON BecoBOM (yHKUUU ¢(f)

qity) 0 - 0
Q=1 Q(:tl) Q(:to) 0 _ (1.2.3)
qty) q(ty) - q(ty)

B TakoMm ciydae omepaTop CBEPTKH MNPEACTABICH HHKHETPEYrOJIbHOU
Matpuieid Q ¢ 0OIMHAKOBBIMHU 3JIEMEHTAMM Ha Ka)X10W U3 AuaroHaneu. Tem ca-
MbIM, JIaHHAs MaTpulla SIBIAETCS TEILUIMIIEBOW M, CJIEIOBATEIbHO, CUMMETPUY-
HOW OTHOCHUTEIBHO MOOOYHOM AuaroHanu. Takas MaTpuila MOXKET OBITh H30-
OpakeHa Takke B BHJEC KapTHHKH, JAIONICH MPECTaBICHUE O HENPEPHIBHOM
MOJICIIM JTUHEHHON AUHAMUYECKON CUCTEMBI. UHCIEHHBIE 3HAUCHUS DJIEMEHTOB
COOTHECEHBI 3/IECh CO CBETUMOCTHIO TTUKCENIEH N300paKeHHS TaK, YTOObl MUHH-
MaJIbHbIE 3HAYEHUsI MATPHUIIbI IaBaJ HAMMEHBIIIYI0O CBETUMOCTH (IIpaBblii BEpX-
HUW TPEYrojbHUK HE 3akpammBaeTrcs). ['paduyeckoe m3oOpakeHue — paBHO-
MpaBHAsi MaTeMaTU4yecKasi MOJIeNIb JUHAMHUYECKON CHCTeMBI, Hapsay ¢ audde-
PEHIIMATBHBIM WJIM MUHTErPAJIbHBIM YpaBHEHHUSIMH €€. J[MHaMuyeckasi cUCTeEMa,

KaK KapTUHK4, HCIIPUBBIYHA, HO 3TO TAK.
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Cpenu pa3nu4HbIX NOJSPHBIX PA3IOKEHUN TEIUIMLEBBIX MATPHIL] €CTh OJI-
HO 0co0eHHO mpocTtoe. CTpYKTypa €ro sCHa U3 CIEAYIOIIETO YTBEPKICHUS.

Jltobas BemiecTBEHHAs TEIUIMIIEBA MaTpHIla MOXKET OBbITh MpEJCTaBIcHA B
BUJI€ NTPOU3BEACHUS TAHKEJIEBOW W NMEPECTAHOBOYHOM MaTpHL, MPHUYEM TaHKe-
JIeBa IOJIy4aeTcs IyTeM BpalleHUs TeIuMIeBod Ha 90 rpanycos, a mepecTaHo-
BOYHAas — IIyTEM BpalleHus1 eIMHUYHON Ha 90 rpanycos.

Hanpumep, nns Matpuibl

1 0
Q=[2 1 0
3 2 1

CYILIECTBYIOT JIEBBIE TIOJISIPHBIE PA3JIOKEHUS CO ciienyromumMu matpuiamu Hy:

[ 0,6487 0,5425 00,5338 | 0,3252 0,8414 0,4316

0,5425 1,4537 11,6101 |, 0,8414 11,1774 1,7046 |,
- 0,5338 1,6101 3,3351 | 0,4316 11,7046 3,3027
[—0,3235  0,2989 0,8978 | 0 0 1

0,2989 0,7237 2,0945 |, 0 1 2

0,8978  2,0945 2,9677 | I 2 3

Bce onu CUMMCTPHYHBI, HO JIMIIb IMOCIICOAHAA U3 HUX ABJIICTCA I'aHKCIIC-

BOU U COBIIaacT C PICXOI[HOﬁ C TOYHOCTBIO N0 BpPAIICHUA. 3aMCTI/IM, YTO OHAa HC

IMOJIOKUTCIIBHO OIIPCACIICHA.

Ei1 oTBeuaer MNEPCCTAHOBOYHAA MAaTpHUIld
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CooTBeTcTBYIOIIME NPEACTABIEHUS ISl ONEPATOpPa CBEPTKU MMEIOT BHJL
S = H\F=FH, tne F — onepaTtop, OCYHECTBISAIOIMINN NEPEHYMEPALIUIO OTCYUE-
TOB CUTHaJIa B oOpaTHOM nopsiake; H; u H, — ciMMeTpu4HbIe ONepaTophl raH-

KCJICBA THUIIA, MATpUIbI UX JUCKPCTHOTO IPCACTABICHUA UMCIOT BU

H, = ,

TexHuyecku peaau3alyio yKa3aHHBIX TAHKEJEBBIX ONEPATOPOB MOMKHO
OCYIIECTBUTh, N00aBIISAsl KO BXOAY WJIM K BBIXOAY JHHAMHYECKOW CHCTEMBI
OJIOK, peaTu3yIOIIMI ONepaTop 3epKajibHOTO OTOOpakKeHUs (PYHKIMU BO BpeMe-
HU OTHOCUTENBHO cepeuHbl BpeMeHHoro unrepsaia (0, T).

OmnepaTop, OCYLIECTBISIIOIIMNA MEepexo] K OOpaTHOMY BpeMeHH, OyneM
Ha3bIBaTh Quumn-onepaTopom (ot ar. flip — pa3BopoT) u 00603Hauath kak F. Ero

NENCTBHE HA HEMPEPBIBHBIN CUTHAI MOsACHseTCs puc. 1.2.1.

1) F (1)

Puc. 1.2.1. [e#icTBue aun-onepaTopa Ha HEMPEPHIBHBIN CUTHAIL.
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[lenecooOpa3HOCTh BBEEHUSI TaHKENEBBIX onepaTtopoB Hi, H, mnosicHUM
Ha cienytouieM npumepe. PaccMoTpuM Ha MHOMKECTBE JTUHEHWHBIX CUCTEM OT-
HOILIEHHE HM30METPUUYECKON SKBUBAJECHTHOCTH, & UMEHHO, Oy/leM CUUTaTh JIBE
cucteMbl S| U S, M30METPUUECKH HKBUBAJICHTHBIMU, €CIM HX ONEpaTOpHbIC
HOpPMBI coBnajaT. OTHOIIEHHE 00J1aaeT CBOWCTBAMU CUMMETPUYHOCTH, ped-

JICKCUBHOCTHU U TPAH3UTHUBHOCTH, T.C. ABJIICTCA OTHOIICHHUCM 3KBUBAJICHTHOCTH

Si~8 @ [ISi][=] S

HerpyaHo y6enutbces, 4TO0 CUCTEMBI ¢ onepaTtopamu H, u H, nzomerpu-
YECKH SKBHBAJICHTHBI CUCTEME S B CMBICJIC JIFOOOM M3 ONEPATOPHBIX p-HOPM, KaK
B KOHEYHOMEPHOM IPOCTpaHCTBE R, Tak M OECKOHECYHOMEPHBIX MPOCTPAHCT-
Bax L, L,, H,.

Bonee Toro, mockonbKy aericTBue (uum-oneparopa coxpansetr GpopMmy He-
MIPEPBIBHBIX CUTHAJIOB C TOYHOCTHIO JIO 3€PKATBLHOTO OTOOPAKEHHUS, Y ITUX TPEX
ornepaTopoB OYyIyT COBIANaTh (C TOM K€ OrOBOPKOM) M BXOJHBIE CUTHAJIbI, Ha
KOTOPBIX JOCTUTAKOTCS 3T HOPMBI. DTO O3HAYaeT, 4TO JJIsl pElIeHUs 3ajad,
CBSI3aHHBIX C OTBICKAHHMEM HOPM ONEPATOPOB U IKCTPEMAIBHBIX CHUTHAJIOB, HA
KOTOPBIX JOCTUTAIOTCA HOPMBI, MOKHO BMECTO OIEpaTopa CBEPTKU S HCIOJIb-
30BaTh CUMMETPUYHBIE oriepaTtopsl H;, H,, 6ojiee MPOCTO YCTPOSHHBIE C TOUKH
3pEHUS KIACCUYECKON TEOPUU OTIEPATOPOB.

Onepatop CBEepTKU SBIFETCA omeparopoMm Tumna BonbTeppa ¢ HyJIEBBIM
CIIEKTPOM M Ha KOHEYHOM HMHTEpBaje HE UMEET COOCTBEHHBIX (PpyHKumM. J{is
HaXOXXJICHUSI €ro CHUHTYJISPHBIX (YHKIUN TpeOyeTcs pemarh ABYXTOUCUHYIO
KpaeBylo 3a/1a4y, JOCTABIISIIOIIYIO CEPbE3HBIE TPYAHOCTU YXKE B CIy4ae CUCTEM
BTOPOTO Mnopsifika. B To ke BpeMsi criekTp onepatopoB /|, [, BEMIECTBEHHBIH, a
coOCTBEHHbIE (DYHKIIMM OpPTOTOHAIBHBI. M3oMeTpuueckas 3KBUBaJIEHTHOCTH
oneparopoB H;, H, u S cBUIETENbCTBYET O TOM, UYTO CUHTYJSApPHbIE (YHKIIUU
orepatopa CBEPTKH COBIIAIAIOT C COOCTBEHHBIMU (PYHKIIUSIMU CUMMETPUPOBAH-

HBIX OTIEPaTOPOB.
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I[JISI OTBICKaHUSI COOCTBEHHBIX Q)YHKLII/IIZ MOKET OBITH MCHOJB30BaH HTE-
paHHOHHBIﬁ MCTOA, CYIIHOCTb KOTOPOIro HIUIFOCTPHUPYCT CXEMA, IPHUBCIACHHAA

Ha puc. 1.2.2.

u(?) W(t)

v
T

oS

Puc. 1.2.2. Tlpouienypa HaxoxJ1€HUs COOCTBEHHBIX (DYHKIIHIA.

CornacHo cxeMe, sl OThICKaHUSI COOCTBEHHOM (DYHKIIMM CUMMETPHUYHO-
ro oneparopa H, ero HOpMHUpPOBaHHAs peakius y(f) UTEPallMOHHO TOJIaeTCA Ha
BXOJI B KaU€CTBE HOBOTO BXOJHOTO CUTHama u(t).

Yepes3 HECKONBKO UTEpALM B KOHTYPE YCTAHABIMBAETCS CUTHAN, COOT-
BETCTBYIOIIMU TJITaBHOM COOCTBEHHON (PyHKIMU omnepaTopa (Iociie ee UCKIoYe-
HUS U3 BBIXOJHOTO CUTHAJIa MOKHO IOCJIE€I0BATEIbHO HAWTU U OCTaJIbHbIE COO-
CTBEHHBbIE (yHKUMHK). B Teopuu maTpul] aHaJIOTHYHbIE WTEPALMOHHBIE MPOILIE-
Iypbl UCTIONB3YIOTCA JIJISl HAXO0XKICHHS MIIM YTOUYHEHUSI COOCTBEHHBIX BEKTOPOB.

JlomycTuM, HayanbHBIA BEKTOP COCTOUT M3 CyMMbI COOCTBEHHBIX BEKTO-
poB. Ilocne yMHOXEHHS Ha MaTpUIly CyMMa COJAEPKUT YK€ B3BEUICHHBIE KOM-
MOHEHTbl — COOCTBEHHBIE BEKTOPHI C COOCTBEHHBIMH 3HAUEHUSIMU TPU HUX.
Bropoe ymMHOXeHHE JaeT B KaueCcTBE BECOBBIX KO3(PPUIUEHTOB KBaJApaThl COO-
CTBEHHBIX 3HaueHHM. [Ipu 1oCcTaTOYHOM 4MCIlie TaKMX UTEpalMi TJIaBHBIA COO-
CTBEHHBII BEKTOP CTAaHOBUTCS IMPEBATUPYIOMIMM BEKTOPOM CYMMBI. DTO 00-
CTOATENLCTBO MCIOIB3YETCs, HallpuMep, B 1iensix MapkoBa, rie uIeTcs IJaB-
HBbII COOCTBEHHBIM BEKTOp. YCIOBUS CXOJIUMOCTH UTEPAIMOHHOTO MpoIecca

AacT TCOPHA OIICPATOPOB.
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1.3. MyJbTHININKATUBHOE CHMMETPHPOBAHHE CHCTEM

[Ipu mepexone OT omepaTtopa CBEpTKM K omeparopam H; u H, Obul uc-
noJyib30BaH Guumn-onepatop F. OTMETUM HEKOTOPBIE €ro CBOMCTBA. bivkanunii
MaTpPUYHBIN aHAJIOT (HIUI-OMepaTopa, K KOTOPOMY OH CBOJUTCS MPU AUCKPETH-
3aI[MU MPOLIECCOB HA BXOJE U BBIXOJIE CUCTEMBI — 3TO ONEPATOP, OIUCHIBAEMBIIl
MaTpHIleil MepecTaHOBOK C €IUHUYHBIMU 3JIEMEHTAMHU Ha TOOOYHOMN JUaroHau.

[IpaBoe (J1eBO€) YMHOKEHHE MATPHUIbl IEPECTAHOBOK Ha MPOU3BOJIBHYIO
MaTpuLly NMPUBOJUT K 3€pPKATbHOMY OTPAXKEHUIO NOCIETHEN OTHOCUTEIBHO BEP-
TUKaJIBHON (FOPU30HTAIBLHON) OCH, TO €CTh K CBOCOOPA3HOMY BEPTUKAIHLHOMY
WJIY TOPU3OHTAIIBHOMY ““TPaHCIIOHHPOBAHUIO .

dnun-oneparop oOJIaZaeT UEIbIM PSJAOM CHEIHAIbHBIX CBOWCTB: OH
CUMMETpUYeH [ = F, OpPTOTOHAJIEH F= F' u unomotuser F° = E, Tie
E — toxpaectBeHHbI omneparop. OTCI0Ja BBITEKAET, YTO COOCTBEHHBIE YHUCIA
¢baun-onepaTopa BEIIECTBEHHBI W MO MOAYJIIO PaBHBI €AMHUIE, TO €CTh €ro
CHEKTP COCPENOTOUYEH B TOUKax +1. MHOXeCTBO COOCTBEHHBIX (PYHKIUN (Ium-
orepaTopa, OTBEYaIoIUX COOCTBEHHBIM uHciiaM +1, oOpa3oBaHO BceMH (yHK-
IUsMH, 3a1aHHbIMU Ha uHTepBase (0, T) U cUMMETPpUYHBIMU (YETHBIMH) OTHO-
CUTEJIbHO CEpeJIMHbl ATOr0 MHTEpPBaJia, @ MHOXKECTBO COOCTBEHHBIX (DYHKIIHIA,
OTBEYAIOIINX COOCTBEHHBIM uuciaaM —l, o0pa30BaHO BCEMH KOCOCUMMETPHUY-
HBIMHU (HEYETHBIMH) (QYHKUUSIMH. B KOHEYHOMEpPHOM Cilydae YHUCIO YETHBIX
COOCTBEHHBIX BEKTOPOB PAaBHO WJIM OOJIbIIIE HA €IUHUILY YUCIIa HEUETHBIX.

@nun-onepatop OONYCKAET HSKCHOHEHUMAIBHOE MPEACTABIECHUE BHJA
F=¢", rme cuMmMmerpuuHbli omepatop @ ompenenserca  (HopMyIoif
& =n(E - F)/2. Matpurnia TUCKpETHOTO TIpeACTaBleHus oneparopa @ umeer

KpeCcToOO0pa3HyI0 CTPYKTYpY — BCE €€ HEHYJIEBbIE 3JIEMEHThI PACIOJIOKEHbI Ha

TJIABHOW W MOOOYHOM TMAroHasIsX.
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B cuny uzomeTpudHOCTH (PIIMI-ONIEpATOpP HE MEHSET dHEpPruu npeodpa-
3yEMBIX CHTHAJIOB, a TAK)KE MX KJIACCUYECKUX HOPM. DTO KayeCTBO MO3BOJISET
00pa3oBbIBaTh C MOMOIIBIO (iIUMN-onepaTopa F S3KBUBAJICHTHBIE 10 HOPME KOM-
OuHMpoBaHHbIe onepaTopsl Tuna FS, SF, FSF.

3aMeTuM, 4TO K ONepaTopaMm, U30METPUUYECKH IKBUBAJIEHTHBIM HCXOAHO-
MY, OTHOCHTCSI U CONIPSIKEHHBIN onepaTop. B CBsI3U ¢ 3TUM BO3HHMKAET BOMIPOC, a
HE HaXOJIUTCS JIU CpeAr KOMOMHUPOBAHHBIX ONIEPATOPOB, U3OMETPUUECKH IKBU-
BAJICHTHBIX ONEPATOPY CBEPTKH S, CONPSKEHHBIN OIEpaTop S". B o6uiem ciy4ae
3TO He TakK. OJHAKO Il JIMHEWHBIX CTAIMOHAPHBIX AUHAMHUYECKUX CHCTEM OT-
BET OKA3bIBACTCS IMOJIOKUTEIBHBIM: UCIIOJIb30BaHUE ABYX (DIIMI-0nepaTopoB (Ha
BXOJI€ U Ha BBIXOJI€ 00bEKTa) MpeodpaszyeT onepaTop CBEPTKH B COMPSIKEHHBIHI

oricpaTrop, T.€c. UMECT MECTO OIICPATOPHOC PABCHCTBO
S'= FSF. (1.3.1)

OTmeTuM, 4TO BO3MOKHOCTh TAKOT'O MPOCTOr0 MPECTaBICHUS ONlepaTopa
S" 06ycnoBlcHa HAIMYMEM BHYTPEHHEH CHMMETPHH, NPUCYIICH OIepaTopy
CBEPTKHU JIMHEWHOM CTAallMOHAPHOW IMHAMUYECKON CHCTEMBbl. DTa CUMMETpUs
HOCHT TEILJTULIEB XapaKTep U XOPOIIO BUHA U3 CTPYKTYphl MaTpuiibl Q (1.2.3).

Crnemyst TepMUHOJIOTHH PadboTHI [127], MBI UMEEM 3/1€Ch JIETI0 C TaK Ha3bl-
BAEMOM CKPBITOM CUMMETPHUEH.

B ciayuyae matpuil oObIYHAsi CUMMETPHUS BBOAUTCS C MOMOILBIO ONEpauu
TpaucronnpoBanns A = A'. ECJ 5ke 9T0 PaBeHCTBO BBIMIOIHIETCS ¢ TOYHOCTBIO
710 TIEPECTAaHOBKU CTOJIOLOB, TO Takasi CHMMETPUSI Ha3bIBaeTcs CKpbITOM. B Ha-
mreM ciydae MaTpuna Q' MOKeT ObITh IIOy4eHa U3 MATPHIH! Q TIepecTaHOBKOI
CTOJIOIIOB B 0OpaTHOM mopsiake (‘“TpaHCIIOHUPOBAHUEM ™ OTHOCUTEIHLHO BEPTH-
kanbHOU ocu). U3 dhopmynsl (1.3.1) BeITekaeT mpocTOil MyTh MOJYyYEHUS peak-
MU COMPSIKEHHOI0 00BhEKTa Ha U3BECTHOE BXOJIHOE BO3JIEUCTBHE, MPU KOTOPOM

3HAHUC MAaTCMATUYCCKOT'O OITMCaHUA O6’BCKTa, B IIPUHIIUIIC, HC Tpe6yeTC$[.
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Ero peanuzamus B coctaBe 0ojiee CII0KHOTO KOMOMHHUPOBAHHOIO Orepa-
TOpa WUIFOCTPUPYETCS] CXEMOMU, TTOKa3aHHOU Hibke Ha puc. 1.3.1. Uepe3 u u y Ha
Heli 0003HA4YeHBI BXOJHOW M BBIXOJHOW CHUTHAJIBl MCXOJHOTO OOBEKTa, 4Yepes
V U1 W — COOTBETCTBYIOIIME CUTHAJIBI COMPSIKEHHOTO 00bekTa. Onupasich Ha 3Ty
CXEMYy MOKHO CTPOHUTH BBIYUCIUTEIBHBIE aJITOPUTMbI U MPOBOJUTH PEaJIbHbBIC

OKCIICPUMCHTHI C (1)I/I3I/I"ICCKI/IM 00BEKTOM.

Orniepatop CBEPTKU

F

Temnuies
TUTT CAMMETPHUH

[pe-¢mumn IMoct-um

T'ankeneB Tun CUMMCTPUN

[oct-¢mun [pe-dnun

S*=FSF

N\

ConpsiKeHHBIH orniepaTop

Puc. 1.3.1. B3aumocBs3p KOMOMHHPOBAHHBIX ONIEPATOPOB.

[IpuBenennas Ha puc. 1.3.1 auarpamma xapakrtepuszyeTr HaOOp KOMOWHU-
POBaHHBIX ONEPATOPOB, MOJYYAEMBIX IIyTEM YMHOXKEHUS ONEPAaTOpa CBEPTKU HA
baun-onepaTop, U yKa3blBaeT TUI UX CUMMETPUHU. AHAJIOTMYHBIM 00pa3oM Mo-
I'yT ObITh MOJYy4YE€Hbl KOMOMHUPOBAHHBIE ONEPATOPbI U ISl IPYTUX BHUJIIOB HC-
XOJHBIX omnepaTopoB. Hampumep, s 3KCIEpUMEHTa, KOTrJa BXOJHOW CUTHAN
paccMaTpHUBaeTCs BO BPEMEHU paHbIlle BBIXOAHOTO (BPEMEHHBIE WHTEPBAJIbI
pa3HeCeHbl), TMHEHHOMY ONepaTopy CBSI3M BXOJHOI'O CUTHAJIa C BBIXOJIHBIM OY-

ACT OTBCUYATh HUIKHAA JICBAA UCTBCPTH KAPTUHKU OIICpATOpPa CBCPTKU.
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1.4. AlaiuTHBHOE CHMMETPHPOBAHHNE CUCTEM

ANbTEpHAaTUBHBIN MOAXOJ K BBIICIICHUIO CUMMETPHUYHOW YacTH IPOMU3-
BOJIBHOT'O JIMHEWHOTO OIIEpaTOpPa OCHOBAH Ha IIPEJCTABICHUU €TI0 B BUAEC CYMMBI
cuMMeTpuyHOU M u kococuMMmeTpuyHou K dacrted. [IpuMeHuTenbHO K orepa-

TOPY CBEPTKU YKa3aHHOE Pa3NI0KEHUE UMEET BH/L

S=M+K, M=(S+5)/2, K=(S—-S5")/2. (1.4.1)

HepCHI/IHJCM MMOCJICAHUC PABCHCTBA C YUYCTOM (1)OpMy.]'I, MMPUBCACHHBIX Ha

nuarpamme puc. 1.3.1:

M =(S + FSF)/2, K =(S — FSF)/2. (1.4.2)

Otu GOopMysbl YKa3bIBAIOT MyTh MPAKTUUYECKON peanu3alud CUMMETpUY-
HOU U KOCOCMMMETPUYHOU YaCTEN OIIepaTopa CBEPTKHU.

CrpykrypHas peanuzanus oneparopa M nosicasercs puc. 1.4.1. Yepes u
U y Ha Heill 0003Ha4YeHbl BXOJHON M BBIXOJHOM CHUTHAJIBI UCXOJHOTO OOBEKTA,

qaepe3 v U W — COOTBETCTBYIOINC CUTHAJIBI COIIPSAXKCHHOTI'O 00BEKTA.

F

A4
)
B

\ 4

ConpsixeHHBIH onepaTop

Puc. 1.4.1. Peanu3zanusi KoOMOMHUPOBAHHOTO oriepartopa M.
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Jns cTpykTypHO#l peanusauuu oneparopa K cymmarop Ha puc. 1.4.1
CJIeyeT 3aMEHUTh BBIYUTAIONIAM YCTPOUCTBOM.
OtMetuMm, 4TO Hapsiay ¢ onepatopaMu M u K BBICOKOIO CTENIEHBIO CHM-

MeTpun obnanatot oneparopsl FM = (FS+SF)/2 w FK=(FS - SF)/2, no-

CJICTHUH U3 KOTOPBIX UMEET CTPYKTYpY ckoOku [lyaccona onepatopoB F u S.

Oneparop M BO3HHMKAET, B YACTHOCTH, NMPU UCCIEAOBAHUN ONTUMM3AIIH-
OHHOM 3aJja4yl 0 MUHHUMAJIbHOM HCKaXeHWUU. B Hel TpeOyercss HaWTU cUTHAI
u(t), opMa KOTOpOro Mpu MPOXOXKJACHUU Yepe3 JaHHYIO CUCTEMY IpeTepIieBaeT
HaWMEHbIINE UCKaXEHUsI. MOXKHO MOKa3aTh, YTO UCKOMBIM CUTHAJI COBIIA/IAET C
TJIaBHOM coOcTBeHHOM (yHKIMen oneparopa M [20].

®opmyna (1.4.2), onuceiBaromias TpaauIlMoHHOE pasnoxenue S = M + K,
WCMOJIB3YET CHMMETPUI0 M KOCOCHUMMETPUIO COCTABISIONIMX OTHOCUTEIBHO
IJIaBHOW IMaroHaJIM MaTpUIl JUCKPETHOTO MPEACTABICHUS ONEPATOPOB.

Hpyrue pasznoxkeHuss MOKHO MOJYYHUTh, BBIJEIASI CUMMETPUYHBIE U KOCO-
CUMMETPUYHBIC YaCTU MATPHUILl OTHOCUTEIBHO BEPTUKAIIBHON U TOPU30HTAIBLHOM

OCCﬁ, a TaK)Ke OTHOCHUTEJILHO NOOOYHOM AraroHajin
S=M1+K1, S =M2 +K2, S =M3 +K3. (143)
quTBIBaH, 4TO BCPTUKAJIBHOC W TOPU3O0OHTAJIBHOC “TpaHCHOHI/IpOBaHI/Ie”

oricparopa obecrieunBaeTCs €ro YMHOKCHHUCM CIIpaBa WK CJICBA Ha OIICPATOP F,

MOYEM 3aIIUCaTh:
M, = (S+SF)/2, Ki=(S-SF)/2, My=(S+FS)/2, K= (S—-FS)/2.(1.4.4)
BenenctBue TpeyrojibHOW TEIUIMLEBOM CTPYKTYphI ONEpATOpa CBEPTKH,

TpeThe U3 paznoxenuit (1.4.3) okaspiBaeTcsi TpuBUaIbHBIM M3 =S, K5;= 0, oJ-

HAKO OHO 6YI[CT Oonee COACPIKATCIBbHBIM JIs1 HCCTALITMOHAPHBIX CUCTCM.
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CDOpMy.IIBI BBOJAT B pACCMOTPCHUC PA3JIMYHBIC ITOJIYCYMMBI H I10JIYypa3-

Hoctu omepatopoB S, FS, SF, FSF. V310XeHHBIH aiJAUTUBHBIN MOAXOMA K

CUMMETPUPOBAHUIO ONIEPATOPA CBEPTKU WILITIOCTpUpYETCS puc. 1.4.2.

SF

2

v (FS—SF)2

\ 4

S
2
v (S—FSF)/2
S+ESF)/2
( F) P
M

a)

(FS+SF)/2

M

FK

- | Fs
F SF
> >
\ 4 (S—FS)/2 nin (S—SF)/2 v K, K,
(S+FS)/2 unu (S+SF)/2
Mla M2
6)

Puc. 1.4.2. CummeTpupoBaHue: a — IMaroHanbHoe, O — MPOJI0JIbHOE.

[lepeuenb omnepaTopoB, ¢ yKazaHWeM CTPYKTypbl — Terutunena (T) wiau

rankenena (I'), a Takxke ocell cUMMETpUM — TOpU30HTaNbHAas (X), BEpTUKAJIbHAS

(Y), rmaBuas muaro”ans (D), moGouynass nmuaronans (D;) — mpuBeneH HUXKE B

tabn. 1.4.1. 3Haku + U — 03HAYAIOT TUIl CUMMETPUU OTHOCUTEIHLHO COOTBETCT-

BYIOH_ICI\/'I OoCH (CI/IMMeTpI/ILIHOCTB 501041 KOCOCI/IMMCTpI/I‘{HOCTB).

Tabnuua 1.4.1. CBolicTBa OnepaTopoB.

repar "
0 €paTop S H, H, S M K FM | FK M, K, M, K,
KT
Cpr ypa T r r T T T r r - - - -
b -
Oc +D, | +D; | +D; | +D; Ig‘ JB‘ Ig‘ +g‘ +Y | Y | +X | X
CHMMETPHUH 2 2 2 | T2

CrpykTypa MaTpull peACTaBICHHS ONEPATOPOB MOKa3aHa Ha puc. 1.4.3.
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S M= (5+S/2 K=(5-57)/2
OIIEPATOP CBEPTKH CUMMETPUYHAS KOCOCHMMETPUYHA I
YACTb S YACTb S
H\=SF M, = (S+SF)/2 K, = (S-SF)/2
TIPE-®JIATT
H,=FS M, = (S+FS)/2 K, = (S-FS)/2

[TOCT-®JINII
S'=FSF FM = (FS+SF)/2 FK = (FS-SF)/2

COIIPSDKEHHBIN
OIIEPATOP

"

4

CKOBKA ITYACCOHA

Puc. 1.4.3. JIuneiinbie onepaTopsl
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B nepBom ctonliie mpeAcTaBieHbl ONEpaTOpbl C TPEYTrOJIbHOU CTPYKTY-
poil, MmoiydaeMble MYJIbTUIUIMKATUBHBIM CHMMETpUpPOBaHUEM. Bo BTOpoM u
TPEThEM CTOJOIAX HAXOASATCS CUMMETPUYHbIE U KOCOCUMMETPUYHBIE ONepaTo-
PBI pa3HBIX TUIIOB, MOJYYaEMBbIE aJJIMTUBHBIM CHUMMETPUPOBAHUEM.

PHCYyHOK HarisiIHO IEMOHCTPUPYET HAJTUUUE YETHIPEX TUIIOB CUMMETPUU
ONEPATOPHBIX MATPULl — 1BA THUATOHAJIBHBIX, BEPTUKAIBHBIN U TOPU30HTAIbHBIN
(OHUM cOBIAAAIOT C YETHIPHMS KJIIACCUYECKUMH OCSAMH CUMMETPHUH KBAJpaTa).

OtMeTuM, 4YTO JBa W3 MPHUBEICHHBIX omepatopoB M u FM obnamatot
JIBOWHOW CUMMeETpHEH, a onepatopsl K; U K,, HanmpOTHUB, HE UMEIOT OCEU CUM-
METpPUH, HO MMEIOT OCH KOCOCMMMETpUHU. CIHMCOK IMOJIYyYEHHBIX OINEpPaTOpPOB
MOKET OBITh IIPOJOJIKEH 3a CUET UX YMHOXKEHMs Ha (JIumI-orepaTop W JUHEH-
HOT'O KOMOMHUPOBAHMS.

[lo cymecTBy 31€ch UAET peub 00 anredpe omeparopoB ¢ AByMsi oOpa-
3YIOIIUMU. DTO OTKPBIBAET €AMHOOOPA3HbIN MyTh ISl CUCTEMaTH3aluU orepa-
TOPOB, ACCOLUMUPOBAHHBIX C TUHAMUYECKOW CUCTEMOM, UX U3YyYECHUS U MpHUME-
HEHUS IS PELICHHS TPUKIAIHbIX 3a7a4.

AHaNOrn4HbIM 00pa30M MOTYT MCCIEAOBATHCS U IPYTUE ONEepPaTopbl, U3-
BECTHBIE B TEOPHUM JTHMHAMUYECKUX CUCTEM, TAKHE KAK ONEpPaTOpbl YIPaBIECHUS,
HAOJIIOICHUS ¥ TaHKEJIEB OIepaTop.

Hapsiny ¢ uzydeHueM cUMMETpHUH OINEpaTOPOB, U300PAKEHHBIX BBILIE Ha
PUCYHKE, MPEACTABISIET HHTEPEC U3yUYEHUE CUMMETPUH UX COOCTBEHHBIX (PYHK-
WA U CHMMETPUS UX CIIEKTPOB.

Js1st 0630pa MHTEPECYIOIMNUX HAC CBOMCTB BOCHOJIb3yEMCs IMarpaMMaMu,
npuBeAeHHbIMU Ha puc. 1.4.2. Ha Hux uepe3 F, 2 0003HaYeHBI ONEPATOPHI
MYJIBTUIUTMKATUBHOTO U aJJAUTUBHOTO CUMMETPUPOBAHMSI, B OJIOKAX MPUBEICHBI
YacTH, IMOPOXKIAEMBIE IUArOHAIBHBIM, TOPU30HTAIBHBIM WM BEPTHUKAIBHBIM
CUMMETpHUpOBaHUEM. PaccMOTpHUM CIIEKTpbI U COOCTBEHHbBIE (PYHKIIUU CEMEMCT-
Ba JIMHEWHBIX ONEPATOPOB, a TAKXKE MCIOJIb30BATh CIIEKTPAIbHBIE CBOMCTBA OJI-

HHX OIICPATOPOB AJIA aHAJIN3ad JAPYTUX, 0oJ1e€e CI0KHBIX.
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1.5. CummeTtpus cod0cTBeHHBIX GPyHKIUM

B oTHomeHun cnekTpoB U COOCTBEHHBIX (PYHKIIMM ceMelcTBa paccMart-
PUBAaEMBIX OMEPATOPOB UMEIOT MECTO CeAyIomue (HaKThl, MOTYYCHHBIE KOMITh-
FOTEPHBIM UCCIIECIOBAHUEM

1) Cnektpbl oneparopoB H; u H,, BBIIEISAEMBIX MYJIbTUIUTMKATHBHBIM
CUMMETPUPOBAHUEM, COBIAJAIOT, & UX COOCTBEHHBIC (PYHKIIMHU 3€PKATIBHO CHUM-
METPUYHBI IO OTHOLIEHUIO APYT K APYTY.

2) Monaynu crekTpoB oneparopoB M u FM, BeiIenseMbIX aaAuTHBHBIM
CUMMETPUPOBAHUEM, COBIIAJIAIOT, UX COOCTBEHHBbIE (DYHKIIMU TOMAPHO COBIIA-
JAI0T U PAcHaJar0TCs HA YETHBIE U HEYETHBIE OTHOCUTEIIBHO CEPEIMHBI BPEMEH-
Horo unrepsaia (0, T).

3) CoOcTBeHHbIE 3HaUeHUS omnepaTopa FK pacronoKeHbl Ha BEIIECTBEH-
HOM OCHM CUMMETPUYHO OTHOCUTEJIBHO Hadaia koopauHaT. CoOCTBEeHHbIC (YHK-
UM OPTOTOHAJIBHBI U MOMAPHO 3€PKATbHO CUMMETPUYHBI.

4) Oneparopsl M, K, M,, K, BBIpOXKJICHBI, TIOJIOBUHA WX COOCTBEHHBIX
YHCeJ paBHA HYIIIO.

5) Henynesie yacTtu criektpoB M, K, unu M,, K, B COBOKYIHOCTH 00pa-
3yIOT CIIEKTp omeparopa M, kpome Toro, M,, K, HacCIEAyrOT €ro YeTHbIE U He-
YeTHBIE COOCTBEHHBIE (DYHKIIUU COOTBETCTBEHHO.

K ocoboMy Buay peayKiuu MOXKHO OTHECTH pa3HECEHHE HWHTEPBAJIOB
yIOpaBieHUsT W HAOJNIOACHUS BO BPEMEHHM HA B3aMMHO HEMEPECEKAIOIIUECS
(dbparMeHTbl. YHOPOIIEHHE COCTOUT B TOM, UYTO CHEKTP CTAHOBHUTCS KOHEUHBIM.
NMeHHO K 3TOMY CeMENCTBY MPUHAJICKUT TaHKEIEB ONepaTop, aHau3 coOCT-
BEHHBIX (DYHKIIMHA KOTOPOTO JIJIsi OAHOCBSI3HBIX U MHOTOCBSI3HBIX CHUCTEM TIPEj-
CTaBJIEeH B OCHOBoIIOJararoiiei padore [1].

Pa3zHecenue MHTEpPBANIOB yIBAaMBAET CEMEMCTBO aCCOLIMMPOBAHHBIX C JIU-
HEWHBIM JUHAMHUYECKUM OOBEKTOM OIEPAaTOPOB MPH COXPAHEHUU YyKa3aHHBIX

IMPU3HAKOB CHUMMCTPHUHN U CXEM CTpYKTypHOfI peajm3anunn.
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AHanu3 BHOB CUMMETPHUU TIO3BOJISIET MPOBOJAUTH PEIYKIHUIO 3a7a4d Ha
MOWCK HOPM WJIM COOCTBEHHBIX (DYHKIMH OMEpaToOpoOB 3aMEHOM CIIOKHBIX OIe-
patopoB M, K Ha Gomnee nipocteie M, K| unu M,, K,. B utore, cioxxHas cxema
(cm. puc. 1.4.1) moxer ObITh 3aMeHEHa 0oJiee MPOCTHIMU, U300PAKEHHBIMU HA

puc. 1.5.1.

v
T

—> F4>®—> s —» — s

a) 0)

Puc. 1.5.1. CummeTpupoBaHue: a — o BXoay, O — 1o BBIXOJY.

JIBe cXeMBbl OTJIMYAKOTCS OT pealiu3aluii ornepaTtopoB /1, H, TOIBKO 10-
MOJIHUTEIBHOM CBSA3BIO, CHMMETPUPYIOIIEH BXOJHBIE WM BBIXOJHBIE CUTHAJIBI.
Bce oHr MOryT OBITh UCMOJB30BaHbI B UTEPAIMOHHOM METOJIE MOMCKa COOCT-
BEHHBIX (PYHKIIMH U COOCTBEHHBIX 3HAUEHUH, IOSICHsIEMOM puc. 1.2.2.

WtepalinoOHHBIA MOMCK MPOBOJIUTCS IBAXKJbl C 3aMEHOM cymMMaropa Ha
BbIUMTAIONIEE yCTpoicTBO. IloMHMO BBIrOJ B MPOCTOTE CTPYKTYPHOU peann3a-
[[UH, 3TA IEKOMITO3UIIUS MO3BOJISET HAXOUTh YCIOBHBIN SKCTPEMYM Ha Kiaccax
YETHBIX U HEUETHBIX (DYHKIIHIA.

VYcrpolicTBa 3allOMMHAHMS, UHBEPCHUH, CIIOKEHUSI, BBIYUTAHUS CUTHAIOB
MOTYT OBITh pean30BaHbl aNMApaTHO MPHU MOMOIIM COBPEMEHHON 3JI€MEHTHOM
6a3bl. Emne Oosiee mpocTo 3TU onepaluy pean3yroTcsl Ha KOMIIbIOTEpax. 3ame-
TUM, YTO JAHHBIMA MOAXOJ MO3BOJSET HAXOIUTh SKCTPEMAJIbHbIE PEIICHUS MPH
OTCYTCTBUHU JIOCTOBEPHOM MaremaThdeckoil monaenu oobekta. HarypHblit 9Kc-
MEPUMEHT, OCYIIECTBJICHHBI B COOTBETCTBUU CO CXEMaMHU, MOXKET HCIOJIb30-

BaTbCA IJISI IIPOBCPKU AIIPUOPHBIX CBCI[CHI/Iﬁ O HCM.
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1.6. IIpumepsbl IKCIEPUMEHTOB ¢ CHMMETPHYHBIMH ONIEPaTOPAMHU

[IpounnrocTprpyeM IpoLeaypbl MOJECTUPOBAHUS M aHAJIM3a ONEepaToOpoB,
ACCOIMMPOBAHHBIX C JIMHEWMHOW JNMHAMUYECKOM CHUCTEMOMW, Ha TpUMepe dJeK-

Tpuueckoro GuiabTpa, M300pakeHHoro Ha puc. 1.6.1.

| L
O
C== R U
- O

Puc. 1.6.1. Uccienyemas cxema 3JIEKTPUIECKOTO (PUIIBTPA.

[To oTHOMIEHUIO K ATOW JUHAMUYECKOW CUCTEME PELIAIIMCH 3a1a4U MO OIl-
PEIENEHUIO PEAKIMUA OINEPATOPOB HA CTAHAAPTHOE BXOJIHOE BO3JECHUCTBUE U
OTBICKaHUE ONTHUMAaIbHBIX CUTHAJIOB, UMEIONIUX SICHYIO (PU3UUECKYyI0 HHTEpPIpe-
TalMI0 PacXxOJ0B SHEPTUM HA aKTUBHOM COIIPOTHUBJIICHWU WM B HATPYy3KE MUCTOU-
Huka. [lepenarounsie ynkuun 3o RLC-cxemsl ot Bxoaa E k Beixogam U, I

HUMCIOT, COOTBCTCTBCHHO, BHU/I

R RCp +1
2 7 QZ(p)= 2 °
RLCp" +Lp+R RLCp" +Lp+R

0.(p)=
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Oxcnepumenm 1. Jlng HaxoxaeHUs: GopMbl BXOAHOIO CUTHaia, o0ecre-
YUBAIOLIET0 MAKCUMAJIBHYIO OT/Iayy SHEPTrUHd UCTOYHUKA B aKTUBHYIO HArpy3Ky
R 3a Bpems 5 c., onpexnensinach riaBHas coOcTBeHHas (yHKUuUs omneparopa
pu 3HadYeHUsAX napamerpoB R=2, =1, C=0,5.

C sT0l1 HEnpI0 ObLIA UCIOJB30BaHA UTEPALMOHHAsA Ipoueaypa puc. 1.2.2

s nepeaatounort pyukuu Q ((p).

Puc. 1.6.2. Ilouck rinaBHOM coOCcTBEeHHOM (hyHKIMU omniepaTopa H;.

I'paduku curHamoB, TMOJYyYEHHBbIE HA TOCJICAOBATEIBHBIX HTEpALIUSX,
npuBeAeHbl Ha puc. 1.6.2. MHBepTUpOBaHWE CUTHAJA HA COCEIHHUX MTEpaALMSIX
MIPOUCXOJUT BCIIEACTBUE 3HaKa A= —1,208. UTepanmonHo nosyyaembie CUTHA-
JBI JOCTATOYHO OBICTPO CXOIATCA K ONTUMAJIbHOMY CHUTHAJy, OTBEUYAIOIIEMY
MaKCHMAaJIbBHOMY 10 MOJYJII0 COOCTBEHHOMY 3HadueHU0. Mckomas coOCcTBeHHas
byHKIMS 00ecrieynBaeT MaKCUMYM CKaJIIpHOTO npousBeaenus <U,U>.

Ixcnepumenm 2. MoaenupoBalnuCh CBSI3aHHBIE C ONEPATOPOM CBEPTKHU S
oneparopsl I, H, S*, M, K, M, Ky, M,, K, nanHou cxembl. B kauecTBe BXO-
Horo curHana E ucnonp3oBaics oJuH NEPUOA MPSIMOYTOJIbHOM BOJIHBI (MEaH -
pa) eIMHUYHON aMIUTUTYAbl IauTeabHOCThio 50 ¢. Peakuus U Ha 3TOT curHan

npu 3HaueHusx napamerpoB R=1,2, L=1, C=0,5 npusenena Ha puc. 1.6.3.
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S M= (S+5")/2 K =(S-SH2
\
t il
\ w b
l \
L
OIIEPATOP CBEPTKH CUMMETPUYHAS KOCOCHMMETPUYHA I
YACTbD S YACTbD S
H\=SF M, = (S+SF)/2 K, = (S-SF)/2
r
J t
\
l
TIPE-®JIATT HYJIEBAS PEAKLIUS
H,=FS M, = (S+FS)/2 K, = (S-FS)/2
A7 Fa
\ \
il
r w b
| \ ]
L
[TOCT-DJINUII
S'=FSF FM = (FS+SF)/2 FK = (FS-SF)/2
Fal fay
| f
| il
‘ w b
| I
Tl Tt
COIIPSIKEHHBIM CKOBKA ITYACCOHA
OIIEPATOP

Puc. 1.6.3. Peakuusi cMiMMETpUPOBAHHBIX ONIEPATOPOB HA MEAH/IP.
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Oxcnepumenm 3. JIns HaxoxneHus (GopMbl BXOJIHOIO CUTHala, olecrie-
YUBAIOIIET0 MaKCUMaIbHYIO OTJa4y SHEPTUH UCTOYHUKA B LI€TH 32 BBIACICHHOE
BpeMsl, OTIpeieisiach TyiaBHass coOCTBeHHasi (PyHKIUS onepatopa M mpu TeX ke
3HAYCHUSAX MapamMeTpoB, 4To U paHee. MTepannoHHas mpoleaypa mpoBOIUIACH

1 nepeaaTounort yukiun O ,(p) coriacHo peanmzanuu M o puc. 1.4.1.

z=ME

A -

Puc. 1.6.4. Ilouck 4eTHOM U HEUETHOM COOCTBEHHBIX (PYHKIMI onepaTopa M.

VY onepatopa M umeroTcs nBa OJU3KHUX MO MOJIYJIO COOCTBEHHBIX YHCIIA
A= 0,867 u A, = 0,773, KOTOPBIM COOTBETCTBYIOT HEUETHAs U YeTHasl cOOCT-
BeHHBIC QyHKUIMH f1(1), f(7).

Hcnonp3oBanue B KauecTBE HAYAIBHOTO MPHUOIMKEHHUS CUMMETPUYHOTO
BXO/JIHOTO CHUTHaJIa BEJCT K YCTAHOBJICHUIO COOCTBEHHOU (yHKIUU f>(f) (1eBas
qgacTh puc. 1.6.4), UCTIOIB30BaHNE HECHUMMETPUYHOTO BXOJHOI'O CHUTHaja MpHU-
BOJIUT K IJIaBHOU cOOCTBeHHOM yHKIMH f1(¢) (TpaBast 4acTh puc. 1.6.4).

AHaNOTUYHbIC PE3YJbTAThl MOJYYAIOTCS MPU PEAYyKIHUH 3a7a4d UCTIOJIb-
30BaHUEM OoJiee POCThIX omnepaTtopoB M,, K, (puc. 1.5.1), oTBeuaromux pac-
HIETJICHHOMY crnieKTpy M. B naHHOM npuMepe uckomas coOCTBeHHast (PYHKIUS

oOecreynBaeT MaKCUMYM CKaJISIpHOTO Mpou3Benenus <E,[>.
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1.7. BeIBOaBI

IlepBas rimaBa BBOOUT B PACCMOTPEHHE LIMPOKUN KPYT ONEPATOPOB, IO-
POXKIAEMBIX JJUHEMHON JUHAMUYECKON CUCTEMOMW. Y Ka3aHbl MPUHUMIIBI, IT03BO-
JIAOIINE CUCTEMATU3UPOBATh UX, ONUPASACH HA IIPU3HAKH CUMMETPHHU.

Onepatopbl, acCCOUUMPOBAHHBIE C JMHEMHOW AMHAMUYECKON CUCTEMOM,
MOT'YT 00JIaJIaTh Pa3IMYHBIMU BUIAMU CUMMETPHUU: OOBIUHASI CUMMETPUS U KO-
COCUMMETpHUS (CUMMETPHUSI OTHOCUTEIBHO TJIABHOW THUAroHa W), CUMMETPUS U
KOCOCHUMMETPHS OTHOCHUTEIBHO MOOOYHOMN JAHaroHajgu, CAMMETPUS U KOCOCHUM-
METPUA OTHOCUTEJIbHO BEPTUKAIBHOW U TOPU30HTAIIBHOM OCEW, TAHKEJIEBA U TE-
TJTUIEBA CUMMETPUU, CUMMETPHUSI COOCTBEHHBIX (DYHKIIUH U CIIEKTpA.

Hcnonp3oBaHue CUMMETPHUM ONEPATOPOB BEAET B PANIE CIIy4acB K YIIPO-
IIEHUIO pelIeHHs (MTEPAIlMOHHBIMUA METOJIaMH) HM30TEPUMETPUUYECKUX 3ajad,
3a/1a4 Ha HaxOXXJICHHE HOPM OIIEpaTOpOB, 3a/7a4 Ha ONpeAcieHue COOCTBEHHBIX
GyHKIUI U CHEKTPOB U T.A. B psige ciydaeB yInpoIieHue CiaeayeT U3 CUMMET-
pUu caMUX COOCTBEHHBIX (DYHKIIMN, W3 COBMAJCHUS YAaCTH CIEKTPa CJIOKHOTO
OIepaTopa Co CIEKTPOM ONEPATOPA, JJIsi KOTOPOTrO IPOIIE YCTPOUTh HATYPHBIN
AKCIEPUMEHT C OOBEKTOM, MAaTEMAaTUYECKOE OMHCAaHWE KOTOPOTO HEU3BECTHO.
Ha npaktuke 3TO NpUBOAMT K CYIIECTBEHHOMY BBIMTPBINIY: K YMEHBIICHUIO
00111eT0 BpEMEHH Ha DKCIEPUMEHT, K YBEJIMYCHUIO TOYHOCTH HAaXOJAUMBIX JlaH-
HBIX U T.J. HemoctaTtkoMm JTaHHOrO 3KCIEPUMEHTAIBHOTO MOAX0/1a, OIMUPArOIIe-
rocs Ha BBISBICHHBIE CBOMCTBA OIEPATOPOB, SIBISIETCS OTCYTCTBUE CKOJIBKO-
HUOYIb CEPHE3HOr0 aHATUTUYECKOTO OMUCAHUS UCKOMOTO CIIEKTpA.

Ha ycTpaneHne 3TOro HemocTaTka HalEJIEHA CIEAyroIlas TiaBa, MOCBS-
ICHHAs] AHAJIUTUYECKUM METOoJaM. B riaBe BBOJIMTCA MOHATHE XAPAKTEPUCTHU-
YECKOr'0 YpaBHEHUS, MOKA3bIBAIOTCS CIIOCOOBI ero moctpoenus. [IpuBenena Ha-
TISITHAS WIUTFOCTpAIus B BUAE Tpado-aHATIUTUUECKOTO METO/[a TTIOMCKa KOPHEH,
MOKa3bIBAIOIIAsA CYHIECTBEHHYIO PA3HULLY JTUCKPETU3ALMUN MEXIY TEOPUEH CHUT-

HaJIOB, '€ NUCKPCTHI UAYT PABHOMCPHO, U TCOpI/ICﬁ CHUCTCM.
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I'i1aBa 2.

AHAJIMTHYECKHE METOAbI MOMCKA CUHTYJISAPHBIX GyHKIUI

2.1. CnekTpaJjibHbIC CBOMCTBA HA OTPAHMYCHHOM MHTEPBAaJie BpEMEHHU

CriekTpanbHble CBOMCTBA JIMHEWHBIX ONEPATOPOB TUHAMUUYECKHX CHCTEM
IIMPOKO MCHOJB3YIOTCSA B 3aJauvax aHaiu3a M CUHTe3a peryisaropos. K umcmy
HanOoJiee 3HAUMMbIX PE3YJIbTATOB OTHOCATCA YaCTOTHBIA KPUTEPHU yCTONUYMBO-
CTH, CUHTE3 KOPPEKTUPYIOIIUX 3BEHbEB IO JOrapupMUYECKUM YaCTOTHBIM Xa-
paktepuctukaMm u Jp. CpaBHUTEIHLHO HEIABHO, BO3HHUKJIM HOBBIE METOMIBI pe-
OYKIIUU MOJeNIed AMHAMUYECKUX CHUCTEM Ha OCHOBE CHHTYJSIPHBIX YMCEN T'aH-
KeJieBa ornepaTopa U cuHTe3a H,—ONTUMAIbHBIX PETYISTOPOB Ha OCHOBE CHUHTY-
JSPHBIX YHUCEN IEPETATOYHON (PYHKITUH.

B Teopun nuHaMUYECKMX CUCTEM, B YAaCTHOCTH, B TEOPUH YIIpaBICHUS,
CHEKTpaJIbHbIE XapaKTEPUCTUKU JIMHEUHBIX ONEepaTOpOB OOBIYHO paccMaTpuBa-
I0T Ha HEOTPAaHMUYEHHOM WHTEpBaje BPEMEHU NpoTekaHus mpoieccos. [1on106-
HbIE UeaIU3allii yIPOIIAI0T MaTeMAaTUYECKUI anmapar, OJJHaKO HEPEIKO 3TO
IPOUCXOAMT B yILIepO COopepKATEIbHOU CTOPOHE €r0 IPUMEHEHHS.

['maBa mocBsdileHa W3YYEHUIO CIEKTPAIbHBIX XapaKTEPUCTHK OmIeparopa
cBepTkM Ha koHeuHoM uHTepBasie BpeMenu (0, T). [Ipeanoutenue otnaercs
YacCTOTHOMY MoAXoAy. YacTOTHBIM MOAXOJ UIpaeT 0coOyl pPOjb B TEOPHUH
ynpasieHus. AMmntyaHo-dyactotHas (AUYX) u ¢aszosas (OUX) xapakTepucTH-
KU TUHAMUYECKHX OOBEKTOB IIUPOKO MCHOJB3YIOTCS MPU PEIICHUH 3a]a4 aHa-
JM3a U CUHTE3a CUCTEM ylpaBieHus. OHaKO BCE OHM OTBEYAIOT OECKOHEYHOMY
MHTEpBaTy BPEMEHHU NMPHUIOKEHUS BO3ACHCTBUS, TOTJA KaK PEeaibHbIE CUCTEMBI
paboTaroT KOHEUHOE BpeMs. BO3HMKaeT ecTeCTBEHHOE JKEIaHUE BBECTH aHAJIOTU
YaCTOTHBIX XapaKTEPUCTUK Ha OrPaHUYEHHOM MHTEpBaJieé BPEMEHU U BBIICHUTD
uX CBi3b ¢ Kiaccuueckumu. CoJiepKaTesIbHBIA OTBET HAa 3TOT BOMPOC MOKHO

IMOJTYYUTDb B TCPMUHAX CIICKTPAJIBHBIX XAPAKTCPUCTUK OIICPATOPa CBCPTKHU.
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B rnaBe mokaspIBaeTCs, YTO CHHTYJSIPHBIE YHCIIa OIepaTopa CBEPTKH,
paccMaTpHBacMOro Ha HWHTEpBaje JIMTEILHOCTH T, 00pa3yloT TUCKPETHOE
MHO>XECTBO, TOYKH KOTOPOTO PACIOJIOKCHBI Ha KJIACCHYCCKON HETPEPBIBHOM
AYX. YUem npoTsbkeHHEE HHTEpBa T, TeM TUIOTHEE OYIYT JIMHAHM JUCKPETHOTO
OIIEPaTOPHOTO CIIEKTpa. YKa3aHHAas 3aKOHOMEPHOCTh HETpPHBHAJIbHA W HE IIO-
BTOPSICT BO BCEX JETAISIX COOTHOIICHHS JHCKPETHOTO M HEMPEPBIBHOTO CIICK-
TPOB CHTHAJIOB, U3BECTHOT'O B Teopuu npeoOpa3zoBanus Dypre. B ornmuume ot
TEOPHUH CUTHAJIOB, MPH MEPEX0jie OT 0ECKOHEUYHOTO MHTEpBajia BPEMEHH K KO-
HEYHOMY CIICKTpP XOTS U CTAHOBUTCS JUCKPETHBIM, HO €r0 OTCYETHI HA OCH Yac-
TOT HE CTAHOBATCS PETYJISIPHBIMU. B OTHOIICHWH CIICKTPAIBHBIX XapaKTEPUCTUK
orepaTopa CBEPTKH UCCIIEAYIOTCS TPH OCHOBHBIC 3a1a4H.

[lepBas W3 HUX COCTOUT B MOJYYECHUH XapPaKTEPUCTUUYCCKOTO ypaBHCHUS
(WM COBOKYITHOCTH YPaBHEHWI) JUISI CHHTYJIIPHBIX YHCEN OllepaTopa CBEPTKH.
COOTBETCTBYIOIINI KOHCUHOMEPHBIA aHAJIOT B MAaTPUYHOM HCUUCICHUU COJEP-
KHUT TIOJIMHOM, 37€Ch 3TO OyJAeT YK€ TPaHCICHACHTHas (DYHKIIHMS, WMCOIIast
OecKoHEeUHOE (CUETHOE) KOJIMUECTBO HYJIEH.

Bropas 3amayda cBsizaHa ¢ MOMCKOM aHAJTUTHYCCKUX COOTHOIICHUH MEXITY
CUHTYJISIPHBIMH YUCJIAMHM M CHHTYJISPHBIMU (YHKIHUSIMH. B Teopuu maTpuil u3-
BECTHO HEMHOT'O TPHUMEPOB, B KOTOPHIX KOMIIOHEHTHI COOCTBEHHBIX BEKTOPOB
SIBHBIM 00pa3oM BBIP@KAIOTCS yepe3 COOCTBEHHbBIC 3HAUeHUSA. B 4acTHOCTH, W3-
BECTHO, 4TO I MaTpuilbl ®pobeHnyca cOOCTBEHHBIC BEKTOPHI 00pa3yrOT MaT-
puity Bannmepmonma u3 coOCTBEHHBIX yuced. TeM Ooiee MHTEPECHO OTHICKATH
TaKOT'0 POJia COOTHOIICHUS I 0ECKOHCYHOMEPHBIX 3a/1ad.

Tperbs 3a7a49a COCTOUT B IMOUCKE XapaKTEPUCTUK CUHTYJISPHBIX ()YHKITHIA
orepaTopa CBEPTKU U YCTAHOBJICHHIO WX CBSI3U ¢ KilaccuuecKuMu. KOHTHHYyab-
HOCTh CHHTYJISAPHBIX ()YHKIIMA HE OTBEPraeT BO3MOYKHOCTH OIMCAHHS HX KO-
HEYHBIM HaOopoM ko3 durmenToB. Tak, HanpuMep, BecoBast PYHKIUSA CKaJAP-
HOM CHCTEMBI MOJTHOCTBIO XapaKTepu3yeTcs 2n mapameTpaMu (Te 7 — MOPSa0K
CHUCTEMBI), KOTOPBIE MOXXHO CBSI3aTh ¢ KO3 (HUIIMEHTaMH TepeaTOYHON (DYHK-

.
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CunrynspHyo (QYHKIIMIO MOXKHO paccMaTpUBaTh KaK MOJEIb JUHAMUYE-
CKOM CHCTEMBI, PAaCKPBIBAIOUIYIO €€ MPOIYCKHBIE CIIOCOOHOCTH Ha KOHEYHOM
HWHTEpBaJie BpeMeHu. Tak ke, Kak U Jiro0as napyrasi GyHKIUS BpeMEHHU, OHA UMe-
€T aMIUTUTYJIHbIN criekTp Dypbe. YacToThl CUHTYISApHON (YHKIINH, T.€. €€ map-
[AAJIBHBIN CIIEKTP, CBSI3aHBI C TOMOJOTHUYECKUMH ocoOeHHOocTs MU AUX. 3ame-
TUM, 4TO Ha Tomojoruto AUX omupaercd aHaiu3 YCTOMYHUBOCTH CHUCTEM IO
HaiikBucTty, Tak 4TO pa3BUBAE€MbI MOAXO]l BIOJIHE JISKHUT B PYyCII€ TPAIAUIUN
TEOPUU MOJICIUPOBAHUS JUHAMUYECKUX CUCTEM.

Tem cambiM, uccieioBaHre pa3OUBAaeTCs Ha TPU 3Tara: U3y4eHHe KayecT-
BEHHBIX 3aKOHOMEPHOCTEN, OTIUYAIOUIMX CHEKTPAIbHBIE XaPAKTEPUCTUKH JIH-
HEWHBIX JUHAMUYECKUX CUCTEM Ha OTPAHMYECHHOM MHTEpBaje BPEMEHU; U3y4e-
HUE MapUHUAIBHBIX YaCTOT TAPMOHUYECKUX KOMIIOHCHT CHHTYJISIPHBIX (PyHKIIUMI
U UX Jokanu3aius (mogooHo kpyram [ epiiropruHa, TOJIbKO HE JJIs CIIEKTpa Orle-
paTopa, a s MaplUalibHOTO CIEKTpa CHHTYJISIPHBIX (DYHKIWN); pa3paboTka
YUCJICHHBIX aJTOPUTMOB M Tpa(oaHATUTHYECKUX METOJ0B HAXOXKICHHUS CIICK-
TpaJbHBIX XapaKTEPUCTHK.

['maBa coctouT U3 mATH pa3aeioB. B paznene 2.2 BBOAATCS HEOOXOIUMBIE
MaTeMaTH4YeCKUEe MOJCIH U JaeTCs ONpEJICJICHUE CUHTYISIPHBIX (DYHKIIUNA OrIie-
paTopa CBEPTKH Ha KOHEYHOM HMHTEpBaje BpeMmeHU. B paznene 2.3 ycranaBnu-
BAIOTCSl BAXXHOE CBOMCTBO CUMMETPUYHOCTH CHUHTYJISIPHBIX (PYHKIMH W JIpyTHe
KaueCTBEHHBIE XapaKTePUCTUKH, 00JIerdaronue HaxoX/IeHUEe UX aHAIUTUYECKO-
ro onucanus. Pa3nen 2.4 nocesiieH MoMcKy CUHTYJSIPHBIX ()YHKITUH Ha OCHOBE
YaCTOTHOTO IMOJX0/1a, TIPH 3TOM BaXKHYIO pOJib UTpaeT GIuI-onepaTop, BBEICH-
HbI B paboTax [19, 20]. [ToguepkuBas akTyaJbHOCTh U HOBU3HY UCCJIEIOBAHUS,
OTMETHUM, YTO B JIUTEpAType MO TEOPUU TUHAMHYECKUX CHUCTEM HaOJIrogaeTCs
HEJIOCTATOK CBEAEHUM 1O 3aTparuBaeMbIM BOIIPOCAM.

NMmynbcHbIE W mepeXxoaHble (YHKIMH SJIEMEHTAPHBIX JTUHAMUYECKUX
3BEHBEB PACCMATPUBAIOTCS B YueOHUKaX, TOTAa KaKk COOCTBEHHBIEC U CHUHTYJISIP-

HBIC (I)YHKI_II/II/I TE€X K€ 00BEKTOB U3BECTHBI HEAOCTATOYHO IIO0JIHO.
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2.2. Cunryasipabie QyHKIUHM JMHAMHYECKHX CHCTEM

PaccMoTpuM JTMHEHHYIO CTAallMOHAPHYIO JUHAMUYECKYIO CUCTEMY C O/I-
HUM BXOJIOM M OJIHUM BBIXOJIOM, OIIMCHIBAEMYIO0 YPABHEHUSMHU B MPOCTPAHCTBE

COCTOSHUI

x(¢) = Ax(t) + Bu(?),

2.2.1
y(1) =Cx(), @20

rae x(¢) e R" — Bexrop cocrosuus, A, B, C — mocTossHHBIE MaT uibl COOTBCT-
2 2 2

CTBYIOIIMX pa3MepHocTel; u(f), y(f) — BXOIHON U BBIXOJHOM CKaJIsipHbIE CUTHA-
71, HayanbHoe coctosiHue X(0)=0, 0 <r<T.

OmniepaTop cBepTKH S XapaKTepu3yeT OTOOpaKEHHE MHOXKECTBA BXOJIHBIX
CUTHAJIOB, BO3JICUCTBYIOIIMX HA cucTeMy Ha uHTepBasie Bpemenu (0, T), B MHO-
’KECTBO BBIXOJIHBIX CUTHAJIOB, pACCMATPUBAEMbBIX Ha TOM € CAMOM HHTEpBAaJe.

On 3anaercs popmynoit
W) =Su(t)= j q(t — t)u(z)dr, (2.2.2)
0

A v o
rae () = Ce™ B — uminyiabcHas BecoBast GyHKLHs OJHOCBA3HOM JMHAMUYECKOM

CUCTEMBI ¢ nepeaaTouHot pynkuuen Q(p).

OmnepaTop cBepTKH S OTBEYAET PEKUMY PaOOTHI CHUCTEMBI B peajbHOM
BPEMEHH, THUIUYHOMY 11 OOJBIIMHCTBA 3a7ad TEOPUM aABTOMATHYECKOT'O
o o %
yIpaBJICHUS U TEOPUHU dJIeKTpuueckux nenei. ConpskeHHBIN onepaTtop S BBO-
%
JUTCSL CTaHAAPTHBIM 00pa30M ¢ MOMOIIBIO cooTHOoIIeHus (v, Su) = (S v, u), e
CKOOKH 03HAYarOT CKaJIIPHOE MPOU3BEICHUE COOTBETCTBYIOMNUX (YHKIIUH, pac-

cmatpuBaemMbix Ha uHTepBaie (0, T).
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o ~ ~
Omneparop S npencrasisieT co00il onepaTop CBEPTKU COMPSKEHHOM CHC-

TeMbl TU(depeHIINaNbHBIX YPaBHEHUN

—L() = A"(0) + CT(), (2.2.3)
¥(1)=B'(),

rae v(¢), Y(¢) — BXOIHOHM M BBIXOJHOW CKAJISPHBIC CUTHAIBI, HAYAJILHOE YCIIO-

BH€ 3aBUCUT OT BHJAa BXOJHOTO CUTHaja w(f) W ompenensercs (HopMyroi

T
£(0)=- J et C"v(¢)dt, xoneunoe 3Hauenue §(T)=0.

0

HNHTerpanbHOE npeicTaBICHUE oniepaTopa S" umeer BUx
t
F(O) =S" ()= Fy + [¢"(t - tv(e)dr, (2.2.4)
0

* T(T-1) (~T i
rie g (f) = B'e* "C" — ummynecHas BecoBas GyHKINS CONPSIKEHHOH CHCTe-

Mbl. HauanbHoe 3HaueHue Y, paccuutbiBaetTcs u3 yciaosus y(T)=0 u paBHO
T

Vo =— J q(t)v(t)dt . dns ckanspHbix cucteM crpaBeniauso g (£)=q(T- 7).
0

B HWMHBCPCHOM HAIIPpABJICHHUN BPCMCHU r=T—t YPaBHCHHA COHpSI)KCHHOﬁ

CUCTCMBbI COBITa1alOT C YPABHCHUAMU I[yaHBHOﬁ CUCTCMBI:

{(t)=ATg(1) + CTv(n),
¥(t)=B¢(n).

JInHelHbIe CTAlUOHAPHBIC NUHAMHUYCCKUC CUCTCMbI C OOHUM BXOIOM H
BBIXOOM CaMOAYaJIbHBI B TOM CMBICJIC, YTO UX BXOA-BBIXOIHBIC XdPAKTCPUCTHU-
KH (BeCOBaH n nepcaaroyHasn (I)YHKI_II/II/I) COBIMAA0T ¢ COOTBCTCTBYIOIIMMHU Xa-

PAKTCPUCTUKAMU OYAJIbHBIX CUCTCM.
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Onucanusm (2.2.1) u (2.2.3) UCXOAHON U CONPSKEHHOM CUCTEM IPU HY-
JIEBbIX HAYaJbHBIX YCJIOBHUSX COOTBETCTBYIOT IPOOHO-pallMOHANbHBIEC Mepe/a-

TOYHbIE (YHKLIUU

0(p)-CE-AY B="L) i 0" (p)=C(pE-A'B-0(-p)-2TP) (2235)
a(p) a(—p)

ABIIAIOIIMECS M300pakKeHUsIMU 10 Jlamiacy COOTBETCTBYIOIIMX HMITYJIbCHBIX
BecoBbIX (pyHkiuit. [Ipu 3TOM cieayer paznuyaTh CONPSIKEHHYIO MepeaaToy-
Hyto pyrkmmo O(p’) cucteMsl S u mepenaTounyio Gysknmo Q (p) comps-
JKEHHO# crcteMbl S . OHH COBIAAIOT APYT C JPYTOM TONBKO B YACTHOM CITydac
rapMOHUYECKUX BXOJHBIX CUTHAJIOB, KOT/IA P =] (.

Kpome nepeuncieHHblX, B paboTe UCIOJIb3YETCs oneparop F 3epKajlbHO-
ro MHBEPTUPOBaHUS BO BpeMeHu GyHkuuu f(¢), 3aganHoii Ha untepsaie (0,T).

OH onuChIBaeTCs 3aBUCUMOCTBIO

F i) = AT-0). (2.2.6)

Cnenyst TepmuHosioruu padotel [19], Oymem Ha3piBaTh ero Giui-
oneparopoM. Ero criekTpanbHble CBOMCTBA U 3HAYEHUE B TEOPUU JUHAMUYECKUX
CUCTeM ocBelleHbl paHee. Dnun-omnepaTop oOIagaeT pPSAIOM CIEUUATBHBIX
CBOWCTB: OH CUMMETPHUYEH F = F, OpPTOrOHAJIEH F'=F" uuusomorusen F~ =1,
rae [ — TOXKIECTBEHHBIN ONIEpaTOP.

OTMETHM TakK€ HETPUBHAIBHOE NPEACTABICHUE COIPSKEHHOrO OIepa-
Topa B Buge S = FSF . OHO 03HAYaeT, 4TO B CIydae CTAIMOHAPHBIX CHCTEM I1a-
pa omepaTopoB S, S cBsi3aHA MPEOOPa3OBAHMEM MOMOOHS CO BCEMH BBITEKAIO-
IIMMHU OTCloZia mociencTBusiMu. OTHOCUTENbHAs MPOCTOTA OMUCaHUsA (iuM-
orepaTopa BO BPEMEHHOW 00JIaCTH BOBCE HE O3HAYAET TAKOM K€ MPOCTOTHI B

4acTOTHOM, 3TOT BOMPOC NOoJIpoOHee paccMaTpuBaeTcs B pazzene 2.4.
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[IpenmeToM wWcclnenOBaHUS HACTOSIICH TJaBhl CIYKaT CHEKTPAIbHBIC
CBOICTBa OIEPATOPOB JAUHAMUYECKOW cucTembl (2.2.1), U, B TIEpBYIO OYepeb,
CUHTYJIIpPHBIC YHCJIa U CHHTYJSApHBbIE (QYHKIIMH omeparopa cBepTku (2.2.2) Ha
KOHEYHOM MHTEPBAJIC BPEMEHHU.

[TpuBeneM HEOOXOAMMBIE MaTeMaTHYECKUE OmpeneeHus. B ciydae mart-
PUYHBIX OMEPATOPOB COOCTBEHHBIE W CHHTYJSPHBIC YHCIIAa OTHICKHBAIOTCS U3
XapaKTEPUCTUUECKUX YPAaBHEHUN BHA S -l = 0, |S"S— 6’I|=0. Anano-
THYHBIC YPaBHEHUS BO3HHUKAIOT MPH JUCKPETHOM OINMCAHUM JWHAMHKH JIMHEH-
HBIX CHCTEM MaTpUIlaM{ Ha KOHEYHOM WHTEPBaJIe BPEMCHH.

[lepexoas OT MaTpUIl K HEMPEPHIBHBIM AMHAMHYECKUM CHCTEMaM, OTMe-
TUM CJIeIyIOLIEe.

Besikast nuHaMuueckasi cucTeMa ¢ HYJEBBIMH HadalbHBIMHU YCIOBHUSIMH,
paccMarpuBaeMasi Ha KOHEYHOM WM TOJYOSCKOHEUYHOM HHTEPBAJIEC BPEMEHH,
buIpTpyeT BXOIHOM curHai, Hen30exHo MeHss ero ¢popmy. [loaTtomy ee omnepa-
TOp CBEPTKM HE MMEET COOCTBEHHBIX (yHKIMI. BMmecTe ¢ Tem, mo0o0il nuHeH-
HBIH ONEepaTop UMeeT CUHTYIsIpHbIe (yHKIMU. CyIIecTBYIOT JBa MOAX0/a K OIl-
peeNeHUIO CHHTYIISIPHBIX (DYHKIIMI OTIEpaTOPOB.

CornacHo mepBoMy MOJXOJly, IOMHMO ofepaTtopa S camMOl CHCTEMbl B
PacCMOTpEHHe BBOIUTCS COMPSKEHHBIN eMy omepatop S .

Onpeoenenue 1. Oyuxkuun fi(t), g«(f), yAOBIETBOPSIONINE OMEPATOPHBIM

YpaBHEHUSIM

SSf(t) = oi’fi®), S Sgit) = o’gl?), (2.2.7a)

Ha3bIBAIOTCS JIEBBIMM U TMPaBbIMU CHUHTYJISPHBIMH (QYHKLIUSIMH OIepaTopa

cBepTku S. Apudmerndeckue KOpHU G; U3 KO3PHUIHUEHTOB MPONOPLUHUOHATb-

HOCTH B 3TUX PABEHCTBAaX Ha3bIBAIOTCSA CUHTYJISPHBIMU YUCIAaMU onepaTopa .
CrpyKTypHasi HHTEPIPETALMSA 3TOTO ONPENEIEHUS ISl JEBBIX CUHTYJIAP-

HBIX QYHKIMHA WuTtocTpupyercs puc. 2.2.1, a.
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f u y=c’f f u yv=2f

a) 0)

Puc. 2.2.1. AnprepHaTUBHBIE BAPUAHTHI ONPEACIICHUS CUHTYJIIPHOU
(GYHKIMM oniepaTopa CBEPTKU: @) C IOMOILBIO OIIEpPAaTOpa CONPSIKEHHON

CUCTEMBI; 6) C TOMOIIBIO (DIIUTI-OTIepaTOpA.

B cooTBeTCTBUU ¢ HUM JI€BOM CUHTYIsIpHON (GyHKUUEH f(f) Ha3bIBaeTCS
HEHYJIEBOM BXOJHOW CUTHAJI, MPOXOSIIMM depe3 IOCIeN0BaTeIbHOE COeqUHE-
&
Hue cucteM S U S 6e3 uckaxeHus: popMbl. CxeMa AJig MPaBbIX CUHTYISIPHBIX
o &
(GyHKUMA BBITTISIAT aHAJOTHYHO U MOJIyYaeTcsl IEPECTaHOBKOM OJ0koB S H .
OTmeTuM, 4TO IpaBble U JIEBbIE CUHTYJSIPHbIE (DYHKIIMHU CBSI3aHbl PABEH-

CTBaMu

ST =ociglt),  Sgd) = ofi(d), (2.2.7b)

MPEACTABIAIOIIMMHI COO0M CUMMETPUYHYIO 3aluch ypaBHeHui (2.2.7a). B mpu-
JIO)KEHUSX TJIABHYIO POJib UrparoT GyHkuuu fi(¢), gi(f), oTBeUaronmue Makcu-
MaJIbHOMY CHHTYJISIPHOMY YHUCIYy Gj, HHOT/Ia Ha3bIBAEMbIE MAKCHUMHU3HUPYIOLIEH
napou Imunra.

Bropo#i nonxon kK onpeaeneHuIo CUHTYISPHBIX (PYHKIUN ONMMUpaeTcss Ha
UX DKCTPEMAJIbHBIE CBOKCTBA.

Onpeoenenue 2. ]Ins 3aganHoro oneparopa S paccMOTPUM CIEIYIOUIYIO

3a/1a4y Ha yCIIOBHBIM 3KCTPEMYM

J=ISAY [|=extr,  [[fD)]=1, (2.2.8)

rae || o || o3HayaeT HOpMY (DYHKITUH.
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OyHKIMH fi(f), OTBEUAIOUIME CTAIMOHAPHBIM TOUYKaM 3TOU SKCTPEMalIbHOMN
3aJlayu, Ha3bIBAIOTCS CUHTYJSPHBIMU (YHKUUAMH orepaTopa S, a COOTBETCT-
BYIOLIUE UM 3HaueHUs G; (PyHKIMOHANA J — CUHTYJISPHBIMH YHCIIAMU OTIEPaTO-
pa S. ®yukus fi(¢), nocrapisomas rao0albHbI MaKCUMYM QYHKIIMOHATY J,
Ha3bIBAETCA TJIAaBHOM CUHTYISIpHON (pyHKIuel. Eif cooTBeTCTBYET ri1aBHOE CHH-
TYJISIPHOE YUCIO ), XapaKTepHU3yIollee MaKCUMaIbHbIN "KO3(P(ULIUEHT ycuiie-
HUA" (B CMBICIIE HCIOJIb3yeMOW HOPMBI), KOTOPHIH MOKET OBbITh pean30BaH

JAHHBIM OIIEPATOPOM.

1T I
[Ipu ucnonb3zoBanuu KBaapaTudHO HOpMBI ||f]2=(f, f)? =( J (@) d)?,
0

o0a ompenenaeHusl TPUBOAAT K OJWHAKOBBIM pe3yibTaTaMm. B ciydae apyrux

T
HOPM, HampuMep, MOAYJIBHOMH || ||| = J ‘ f() ‘dt WU 4€OBIEBCKOH || /|| = max (|
t
0

f(?)]), onpenenenust 1, 2 cTaHOBATCS HEAKBUBAJICHTHBIMH.

Jlaee paccMaTpHUBarOTCS KBAIPATHYHBIE HOPMBI (DYHKIIMHA M COTJIACOBAH-
HBIC C HUIMH HOPMBI OIIEPaTOPOB.

Bo n3bexxaHne TEpMHUHOJIOTHYCCKON MyTaHUIIBI OTMETUM YETHIPE Pa3HO-
BUJTHOCTH CIICKTPOB, BCTPEYAIOIIMXCS B JINTEPATYPE U MCIOJIB3YEMBIX B JaHHOM
paszjiesie: 3TO aMIUIUTYIHbIN CIIEKTP CUTHAJIA, MOJATBHBIA U OTICPATOPHBIN CITCK-
TPBI TUHAMUYCCKON CUCTEMBI U MTAPITUATBHBIA CIICKTP CUHTYJISIPHON (QYHKITUH.

[lepBasi pa3HOBUAHOCTh — AMAAUMYOHBIN CHEKMP CUSHAIA — TIAPOKO HUC-
MOJIB3YETCSI B TEOPUU CBSI3HM M JIPYTrUX NpriiokeHUsX. OH MoaydaeTcs ¢ IOMo-
npi0 npeoOpaszoBanus Oypre U XapakTEPU3yeT aMIUTMTYIbI TAPMOHHK, BXOJISI-
IIIUX B COCTaB CUTHAJIA.

Bropasi pasHOBHIHOCTH CHEKTPA — ITO MOOALbHbIL CHEKMP CUCHEMbL.
[Tox HUM MOHUMAETCS COBOKYITHOCTH IOJIFOCOB CHUCTEMBI, OMPEICIISAIONIUX MO-
JaJIbHBIE COCTABIIAIONINE €€ CBOOOMHOTO NBIKeHUs. OUeBHIHO, YTO OH COBIIA-

JIaeT CO CIEKTpOM Matpulibl A omnucanus (2.2.1).
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TpeTpst pa3HOBUAHOCTD CHEKTPA — ATO ONEPAMOPHbLIL CHEKMP OUHAMUYe-
ckoui cucmemvl. B pyHKIIMOHAJIIBHOM aHAJIM3€ CIEKTPOM olepaTopa OObIYHO Ha-
3bIBAETCSA COBOKYMHOCTb €r0 COOCTBEHHBIX 3HAYEHU, COOTBETCTBYIOIIUX COO-
CTBEHHBIM (DYHKIIUSIM.

Kak ormeuanoch, onepatop CBEpPTKH COOCTBEHHBIX (YHKUIUNA HE HUMEET.
[IpenmMeToM Hamero M3y4yeHUsl SIBJISETCA CIEKTP CHUMMETPUYHOTO OIepaTopa
S"S, 06pasyrommii 115 KOHEIHOMEPHBIX CHCTEM CUETHOE MHOXKECTBO. [109TOMY,
roBOps B JAaJIbHEWIIEM 00 ONEepaTOpHOM CIIEKTPE TUHAMUYECKON CUCTEMBI, OY-
JIEM UMETh B BUJY UMEHHO 3TOT CIIEKT.

Bbonee ¢popManbHO: onepaTopHBIM CIIEKTPOM JIMHEHHOM CHCTEMBI Ha30BEM
COBOKYITHOCTb CHUHTYJIIPHBIX YHUCEN €€ ornepaTopa cBepTku (2.2.2), paccmaTpu-
Baemoro Ha uHTepBasie Bpemenu (0, T). Mcxoas u3 oOmux CBOWCTB CUMMET-
PUYHBIX ONEPATOPOB, ITH YKCIIA BEIIECTBEHHBI, MMOJI0KUTEIbHBI, & CUHTYJISPHbIE
(GyHKUIMY TONapHO OPTOTOHATBHBI.

YerBepTasi pa3HOBUIHOCTb CIEKTPA — NAPYUANbHLIU CNEKMp CUHYIAD-
HOU hyHKyuU.

Kak OyzaeT mokazaHo HUXe, KaXaasi U3 CUHTYJIAPHBIX (QYHKIMI oneparo-
pa CBEPTKU TMHAMHYECKOM CUCTEMBI MPEICTABIsAET COOOM JIMHEHHYI0O KOMOUHA-
[0 KOHEYHOI'O YKCIIa FTAPMOHUYECKUX CUTHAJIOB — MOJIANIbHBIX KOMIIOHEHT He-
KOTOPOHM JMHAMUYECKOW CUCTEMBI YIBOEHHOIO MOPSIIKA.

COBOKYIHOCTh YacCTOT 3THX KOMIIOHEHT OYJeM Ha3bIBaTh MaplUaIbHbIM
CHEKTPOM CHHTYJISIPHON (DYHKIIHH.

OnepatopHblii U NapHUAIbHBIA CHEKTPhl OyAYyT MPENCTaBISATH OCOOBIM
MHTEpeC Hamero ananusza. KpoMe npuBeeHHBIX BBIIIE BYX KJIACCHYECKHUX TO-
XOJIOB K OMNPEEICHUIO CUHTYISPHBIX (QYHKIIMI BO3MOXKEH €IIe OJHUH, TPETHIl.
OH OCHOBaH Ha CIEUHUAIBLHOM CBOMCTBE CUMMETPUH, MPUCYIIIEM CHUHTYIISIPHBIM
(GyHKUMAM OlepaTopa CBEPTKU CTALIMOHAPHBIX CKAISPHBIX CUCTEM M paccMmart-

PHUBACTCA B CIICAYIOIICM Pa3acCiic.
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2.3. CBoiicTBa CHHTYJSPHBIX (PYHKIMI

JI7ist u3ydeHusi CBOMCTB CUHTYJISIPHBIX (DYHKIMI BBIIUIIEM B COOTBETCT-
BUU C MEPBBIM ONpe/ieNieHneM cucteMy qudPepeHnanbHbIX YpaBHEHUN MOPsi-
Ka 27, MOJIy4aeMyI0 IMMyTeM KacKaJIHOIO COCIMHEHUSI UCXOJHOM U COMPSKEHHOM
cucteM (puc. 2.2.1, a). JIns onucanusi Takoro COeAMHEHMsI UCIIOJIb3yEeM ypaBHe-

Hus (2.2.1), (2.2.3), TONIOIHEHHBIEC YpaBHEHUEM CBsI3H u(t) = V() :

X(1) = Ax(t) + Bu(t),  y(t)=Cx(1), u(t)=y(1), 2.3.1)

) =-A"¢n - C" £ (1), 7() =BT, f(1) = y(t)/ o -

[TocnenHee COOTHOIIEHHE MMEET MECTO MPHU YCIOBHHU, YTO B KadeCcTBE

BXOJIHOTO CHUTHaJIa f{f) BBICTYIAET CHUHTYJISIPHAS (QYHKIUS CUCTEMBI S, TOTAa

cormacHo Qopmyrne (2.2.7) BBIXOAHON cHrHA® y(f) = SS V() oTIMUaeTcs OT
. _ 2

BXOJIHOTO TOJIbKO aMIUTUTYI0M y(f) = ¢~ f(¢f). Marpunia npocTpaHcTBa COCTOS-

Hui M cuctemsl (2.1) umeeT BU

A BB’
M = P IRt (2.3.2)

3aMCTI/IM, 4dTO ITOXO0Kasd MaTpulla BO3ZHUKACT IIPH MUHHUMHU3AIIUN KBaJpa-

TUYHOTO (YHKITMOHATA J (x(1)" Qx(¢) + u(t)" Ru(t))dt B Teopuu ONTHUMAIBHO-
0

ro ynpasjeHusi. B camoM jerne, npupoibl 3TUX 3aj1ay OJIM3KH, OJTHAKO UMEIOTCS
TPH CYLIECTBEHHBIX pa3inyusi. Bo-nepBeiX, MpU NOUCKE CUHTYISPHBIX ()YHKIIHI
UIIETCS] MAKCUMYM KBaJpPaTUYHOTO (PYHKI[MOHAJIA, a TPU MMOMCKE ONTUMATBHOTO
YIPaBJIECHUS — €r0 MUHUMYM. BO-BTOPBIX, MaTpUIlbl pa3inyaloTcs 3HAKOM JIEBO-
ro HIKHEro 0joka (B 3a/Jayax ONTHUMAJIbHOTO YIPABICHUS OH IMOJOKUTEJICH).
B-tpetbux, B Matpuie M uMeeTcs HEM3BECTHBIN MapaMeTp G, KOTOPBINA 10J-
’KeH OBITh BbIOpAaH TaKuM 00pa3oM, 4ToObl penieHue cucrteMsl (2.3.1) ynosie-

TBOPs1JIO KpaeBbiM ycioBusaMm x(¢)=0, {(T) =0.
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VYkazaHHbIE pa3inyusi HE MELIAIOT UCIOIb30BATh MPU MOUCKE CUHTYIISAP-
HbIX (YHKUMNA CTaHAAPTHBIA MaTeMaTU4eCKU anmapar, pa3paboTaHHBIN B TeO-
pun ynpapieHus. OH BKIIOYaeT cocTaBieHue AuddepeHnaIbHOro ypaBHEHUS
Pukkatn u pacuer ko3(h(UIIMEHTOB MaTpHIbl OOpaTHBIX CBs3ell, oOecreyu-
BAIOIIMUX ONTUMAJIbHBIN BUJ] BEIXOAHBIX CUTHAJIOB CUCTEMBI.

AHanuTHYEeCKuEe TPYJHOCTH 3TOTrO MyTH U3BECTHBL. B Teopuu ontumanb-
HOT'O YMPAaBIICHUS, TJI€ MILETCS OJHO pelleHue (M HE HalO0 ONpPENeNsiTh CUHTY-
JSIPHOE YKCIIO G) YXKe B Cllydae aHaju3a arnepuoIUYecKOoro 3BeHa BO3HUKAIOT
rpomo3akue Boikiaaku [92, 107], a mpu MOBBIIEHUH MOPSAKA CUCTEMbl aHAJIU-
TUYECKUE BBIPAKEHUS IS MCKOMBIX (YHKUMH CTAaHOBSITCS HEOOO3PUMBIMHU.
OTmeTuM Takke, 4TO BapHallMOHHBbIE METOAbl TEOPUU ONTHUMAIBHOIO YIpaBie-
HUSL MaJO COTJIACYIOTCSl C YaCTOTHBIMM (M ATO OTAAJSAET HAC OT TPAAMIIMOHHBIX
cnekTpoB, T.e. AUX u ®YX).

OT yKka3aHHBIX HEJOCTATKOB CBOOOJICH ajJbTEPHATUBHBIM MOAXOM K OIpe-
JEJICHUIO CUHTYJSPHBIX (YHKIUNA, OCHOBAaHHBIM Ha HUCIOIB30BAHUU CIEIUANb-
HOTO BHUJIa CUMMETPHUH, MPHUCYILIEr0 ONEepaTopy CBEPTKU U €r0 CHUHTYJISPHBIM
bynkuusam [20].

CyTb 3TOM CHUMMETPUU CTAHOBUTCS SICHOM U3 CIEeAYIOLIEH TEOPEMBI.

Teopema 1 (o 3epkanbHON cumMeTpuu). JleBas U mpaBas CUHTYJISpHBIE
byukuuu fi(¢) u g«t) onepatopa cBepTku (2.2.2), OTBeYarolIne NpOCTOMY CHHTY-
JSPHOMY YHCITY G; U CBSI3AHHBIE COOTHOLIEHUSIMU (2.2.7b), yIOBIETBOPSIOT yC-

JIOBUIO 3€PKAIbHON CUMMETPUH
f,@t)=xg.(T-1). (2.3.3)
Loxazamenvcmeo meopemur 1. CornacHo omnpeneneHuro 1, mpaBble CUH-

ryJIsipHble (YHKIIMM ONepaTtopa CBEPTKU g;  YAOBIETBOPSIOT PaBEHCTBAM

S*Sg,'= Gizgi.
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&
Hcnone3ysa cootHonenue S = FSF, nepenuiieM ux B BUAE

FSFES gi= G,‘zgi nim H2 gi— cyizgi D

rae FS=H — CUMMETPUYHBII ONEpaTop, MOJy4aeMbIil IPU MOJISIPHOM Pa3jioxKe-
HUU OIlepaTopa CBEPTKH.
O6o3HaunM ¢; — cOOCTBEHHYIO (PYHKLUIO omepaTopa /, OTBEYarollyro
€ro COOCTBEHHOMY UHUCILy A;, TOTJa CIIpaBEAJIUBbI paBeHCTBA: H q;= Aq;.
&
Otcrona 3akiro4yaeM, 4TO CUHTYJSIpHble QyHKIMU omeparopoB S S u H
COBIAJAIOT g = ¢; , @ UX COOCTBEHHBIEC YMCJA PAaBHbl C TOYHOCTHIO JIO 3HaKa

L=t o,. CnenoBaTesbHO

Hg;= }\'igi , FSgi= }\'igi , 88i= 7wFfi-

C yyetrom BTOpOTO U3 cooTHomieHu# (2.2.7h), nonyuaem of(t)=Ag(T—t)
unu fi(t) = = g(T—f), uro u TpeboBaIOCh TOKA3aTh.

VYcnosue (2.3.3) o3HayaeT, 4yTO JieBask CUHTYJspHAs (QYHKIUS C TOYHO-
CTBIO JI0 3HaKa COBMAJAET C KOMHEW MpaBOW CUHTYJSAPHON (YHKIMH, B3ATON B
00paTHOM BPEMEHH.

[IpuBeneHHas Teopema MO3BOJSET aTh €IllI€ OJHO, TPEThE OMpEe/IeTICHUE
CUHTYJISIPHBIX (YHKIIUN OTlepaTopa CBEPTKU CUCTEMBI (2.2.1).

Onpeoenenue 3. ®yukuun f(t) u g(t), YIOBIETBOPSIOIINE ONEPATOP-

HBIM YPpaBHCHHAM

Si(T=1) = Lfi(1),  Sgd) = Lig(T-0), (2.3.4)

Ha3bIBAIOTCA JICBBIMHW W IIPABbBIMHU CHUHTYJISIPHBIMHA q)YHKHI/ISIMI/I orcparopa

CBEPTKH S, OTBEUAIOIINUMHU CUHTYJISIPHOMY YHUCITY G; = | A; |.
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BemecTBeHHbIi KOADPUIIUEHT A;, KOTOPBIH MOXKET OBITh KaK IOJOXKH-
TEJIbHBIM, TaK U OTPHUIATENIbHBIM, OYyZI€M Ha3bIBaTh aJIreOpanyecKUM CHUHTYJISp-
HBIM YHUCJIOM B OTJIMYME OT apuU(PMETUUYECKOr0 CUHTYISIpHOIrO uKcia o;. [anee,
U3 COOOpaKEHUH MPOCTOTHI, UHJIEKC Y CUHTYJSPHBIX PYHKIMN U yucen Oyaem
omyckarb. PaBeHcTBa (2.3.4) UMEIOT NPO3payHyI0 CTPYKTYPHYIO HMHTEpIIpeTa-
110. B yacTHOCTH, MEpBOE U3 HUX 03HAYAET, YTO €CJIM Ha BXOJ CUCTEMHI (2.2.1)
M0JIaTh CUTHAJI, paBHBIN JIEBOW CUHTYIsIpHOU (yHKUUU f(f), B3sTOI B 0OpaTHOM
BPEMEHH, TO Ha BBIXOJE MOJYYHUM YCWJICHHBIA B A pa3 curHai f{(¢). To noscHs-
etcs puc. 3.1.1, 6, Ha koTopoMm uepe3 F o6o3HaueH daun-onepatop (2.2.6). OH
OCYIIECTBIISIET MOJy4YEHUE 3€pPKaJIbHON KOMUU BXOJHOTO CHTHaja B OOpaTHOM
BpemMeHu. TakuMm o0pa3om, M3 ompeneneHuss 3 clefyer, 4YTO CHUHTYJISPHOM
GyHKIMEH JIMHEHHON NTMHAMUYECKOM CHUCTEMbI Ha3bIBAC€TCS BXOJHOM CHUTHAII,
MPOXOIAIIMHN, TTOC]IE €r0 MHBEPCUU BO BPEMEHH, Ha BBIXOJ CHCTEMbl 0e3 McKa-
KeHUST (POPMBI.

OtmeTuM, YTO onepalnrs UHBEPCUU BXOAHOTO CUTHAJIa OTHOCUTEIBHO Ce-
pEeANHBI KOHEYHOI'0 MHTEpBaia ynpasieHus ((aumn-onepainns) HE MEHIET dHEp-
reTUYECKUX COOTHOIICHUM ISl BXOJAHBIX U BBIXOJAHBIX CUTHAJIOB. DTO MO3BOJIS-
€T MPHU PELICHUH HEKOTOPBIX 3a/1ad 3aMEHSTh ONepaTop CBEPTKU CUMMETPHUY-
HBIM ornepatopoM FH, KOTOpbI BBOAMUTCS C MOMOIIbIO Gakropuzauuu S = HF
[20]. CobOcTBeHHble (yHKIMH omepatopa /H COBMNANalOT C CUHTYJISPHBIMU
byHkuuaMu oneparopa cBepTku S. [TockosibKy KBaJpaTHYHbIE HOPMBI IPSIMOTO
U COIPSKEHHOTO OIEepaTOpOB OJIMHAKOBBI, COOCTBEHHbIE 3HAYEHUS OIEpaTOpa
H ¢ TOYHOCTBIO 10 3HAKA PABHBI ICKOMBIM CUHTYJISIPHBIM YUCJIAM.

[lepeitnem K ucciaen0BaHUIO CBOMCTB CUHTYJISIPHBIX (PYHKIUN (HE HaXOms
UX B SIBHOM BHJIE), OIUPASICh HA BCE TPU UX onpeneneHus. HeodxonumocTs 3To-
ro JUKTYeTCsS TE€M, YTO aHAIMTHYECKas 4acTh 3aJladyd OYEHb CIIOKHA, U JJIA ee
pelIeHus moJie3Ha kauecTBeHHast nHdopmanusi. CUHTYIsIpHbIE PYHKIIUU JTUHEH-
HOM cucTeMbl Ha 0ECKOHEYHOM HMHTEpBaJe BPEMEHH IPE/ICTABIIAECT COOOM CHUHY-

CONAbI, T.C. MOHOTAPMOHHUYCCKNEC CUT'HAJIbI.
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Ha koHeyHOM uWHTEpBasie BpPEMEHH CTPYKTypa CHUHTYJISPHOW (PYHKIUU
3aMETHO YCIIOKHSIETCS U B €€ COCTAaB BXOJUT HECKOJIBKO TAPMOHMK Pa3JIMUYHBIX
4acTOT, TO €CTh OHa CTAHOBUTCS MOJUTapMOHUYECKUM cUTHaioM. Ob11ee ynucio
TaKMX FaPMOHHK PaBHO /1, a COBOKYITHOCTh MX YacTOT 00pa3yeT MmapuuaibHBIHI
CHEKTp CUHTYJISIpHON QyHKUMU. ToyHee cocTaB 3TOro CIEKTpa OMUCHIBAET Clie-
Ayrolas Teopema.

Teopema 2 (o nmapruansHoM crnekTpe). s MunumansHO-Pa30BoOM cuc-
TeMbl ¢ nepenarounoi ¢pynkuue Q(p)=>b(p)/a(p) npasbie U JEBbIE CHUHTY-
nsipHble (YHKIHUU ONEpaTopa CBEPTKHU MPECTaBIsA0T cOO0M JTMHEHHbIe KOMOU-
HaIlUM KOHEYHOTO YUCJia TApMOHUK h(¢), ho(2), ..., h(2).

Bujn rapMoHUK, OTBEUYAIOIIUX CHHTYISIPHOMY YHUCIY G, OIpEaeiseTcs

KOPHAMHU XapaKTCPHUCTHUICCKOTO YPABHCHUA

c’a(p)a(-p)+b(p)b(-p) =0. (2.3.5)

Hokaszamenvcmeo meopemur 2. JInst cucteMsl ¢ epenaTouyHon GyHKIuen

O(p)=>b(p)/a(p) wzobpaxenus mno Jlaruacy JIeBOM U MpaBON CUHTYJISIPHOUN

(GyHKUMA yAOBIETBOPSIOT COOTHOIICHUSM

O(p) O-p) fP)=c"f(p),  O(-p) O(p) g ()= g (p).

WM cOOTBETCTBYET OAHO U TO K€ XapaKTEPUCTUUYECKOE ypaBHEHHE IS
NapIHaIbHOIO CIIEKTPa CUHTYISAPHBIX QyHKIMi (2.3.5).

B 310 ypaBHEHHE BXOJAT TOJBKO YETHBIE CTENEHU p, MOITOMY PacIoJio-
KEHHUE ero KOpHEeW Ha KOMILJIEKCHOM IIOCKOCTH XapaKTEePU3YeTCsl LIEHTPAIbHOM
CUMMETpHUEN OTHOCHUTEIBHO Hayasla koopAuHar. OOIee 4Mciao KOpHEM paBHO
2n, oCJe UX MONapHOro 00bEAMHEHHS TOJIy4aeM # TapMOHUK, KOTOPbIE BXOJSIT

B COCTaB IPABBIX U JIEBBIX CUHTYJISIPHBIX QYHKIMH. Jl0OKa3aTeabCTBO 3aKOHYEHO.
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[lapaMm dYHCTO MHUMBIX KOpPHEH OTBEYAIOT KPYroOBbIE TapMOHUKH
h{(t) = asin(wt) + bcos(wt), MapaM YUCTO BEHIECTBEHHBIX — TUMEPOOTUIECKHE
hi(t) = a;sh(wt) + bch(w?), yeTBepkaM (KBapTeTaM) JBOSKOCHMMETPHYHBIX KOM-
IJIEKCHBIX KOpHEH — cMemandbie /ig(f) = sh(wif)[assin(wyt) + bscos(wf)] u h(?)
= ch(m?)[asin(wyt) + b.cos(my?)].

OTMeTHM 4TO BapuaIllMOHHBIE METOJbI, OCHOBaHHbIE HA MHOXHUTEIAX Jla-
rpaHXxa, MPUBOAIT K TOMY K€ Pe3yabTaTy, HO 0oJiee NITUHHBIM ITyTEM.

CUHTYJISIpHOE YHCIO G BXOJIUT B XapaKTEPUCTHUECKOE YpaBHEHHE Kak
napametp. Ecnu ero 3HaueHune 3apaHee HE M3BECTHO, TO ypaBHeHHE (2.3.5) He
MO3BOJISIET HAWTH TMapIHMalbHBIA CIEKTP, OJHAKO OHO HAaKJIaJbIBaeT Ha 3TOT
CTIEKTP PsI/I OTPAaHUYCHUH KaYeCTBEHHOTO XapaKTepa.

gz jHilsod . s muarnManbHO(A30BBIX CHCTEM C HECOKPATUMO# mepea-
TOYHOW (YHKIIMEH B COCTaB MapIUATBHOTO CIIEKTPa HE MOTYT BXOAHWTH HYJIH U
MIOJTIOCHI ICXO/THOM CHUCTEMBI, HYJIU U TOJFOCH CONPSIKEHHOM CHCTEMBI, a TaKXKe
M30JINPOBAHHBIE KCTIOHEHITUATBHBIE KOMITOHEHTHI.

B camom gene, y map nonunomoB (ta(p), +b(p)) MUHUMATBHBIX MUHU-
MabHO(A30BbIX CUCTEM HET OOIINX KOPHEH, TOITOMY KOPHU MOJMHOMOB Ta(p)
u th(p), T.e. HyIU U TOIIOCHI UCXOMHON M CONMPSDKEHHOW CHCTEM, HE MOTYT
ObITh KOpHSMU ypaBHeHUS (2.3.5). CnegoBaTenbHO, TApMOHUKH /1,(f) HE cOBMa-
JAr0T ¢ MOJAIFHBIMU COCTaBISIONIMMH HMITYJIbCHON BECOBON (DYHKITMH HCXO/I-
HOW W CONpsDKeHHOU cucteM. Kpome Toro, CMHTYIspHBbIE (YHKIIMH HE MOTYT
COJIEPKaTh U30JIMPOBAHHBIX IKCIOHECHIIMATIBHBIX WICHOB, TIOCKOIBKY KaXIOMY
uneHy Buaa € B CHIy CUMMETPHU KOpHeil OyleT oTBedaTh 4ieH € */, BMecTe
OHH 00pa3yroT runepOonndeckyro QyHkIu. OTMETHM, YTO MPU HATWYHH
KpaTHBIX KOpHEW ypaBHEeHUS (2.3.5) y CHHTYIApHONW QYHKIMHA OYIYT MOSBISATH-
Csl COCTaBJISIFOIINE, COJIEPIKAIUe TIOTHHOMHUAIBHBIC MHOKHTEIIH.

Jlisi HeMUHUMAaIbHO-(Pa30BbIX CUCTEM MOJMHOMBI a(p) u b(—p) Moryr
uMeTh o0mre KopHU. Torga B CHHTYIsipHONW (pyHKIHMU OynyT MPHCYTCTBOBATH

COOTBCTCTBYIOIINEC MOOAJIbHBIC KOMIIOHCHTBI CUCTCMEI.
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W3BecTHO, 4TO BCsKas HEMHUHUMalIbHO-(pa3oBas cucTeMa MOKET ObITh
Mpe/icTaBlieHa B BUJE MOCIEAOBATENIBHOIO COEAMHEHUS] MUHUMAaIbHO-()a30BOM
CUCTEMBI U (pazoBpamiaTess. YIOMIHYTbIE MOJalbHbIE KOMIOHEHThI OTBEYAIOT
€r0 MOJIKCaM.

CornacHo 3TOMY CIEACTBUIO CUHTYJISIPHbIE (DYHKIIMM HE UMEIOT U30JIUPO-
BaHHBIX HKCIOHEHIIMATBHBIX COCTABIIAIONINX, 3TUM OHH OTJIMYHBI OT "CBOOO-
HBIX" ABWKEHUN cuctemMbl. CUHTYIsIpHAs (QYHKIMS HE COIEPKHUT MOJAIBHBIX
COCTaBIIAIOIINX, T.€. HE BO30YyxkaaeT ux. HekoTropyro aHanoruio MOKHO HaWTH
BO BXOJIHBIX CHUTHajaxX C YacTOTAMH, OTBEUYAIOIIMMH HYJISM MEpeaaToyHOM
¢byakuud. OHU BO30YXXIIalOT COOCTBEHHBIE NBIXKEHHS OOBEKTa, HO CaMU He
MpOIycKaroTcsl Ha BbIXoA. CHUHTYIsIpHBIE (YHKIMU JAEUCTBYIOT HA00OPOT: OHU
MIPOXOJIAT caMu, HEe BO30YyKJass MOJANIbHBIX cocTaBistomux. [locneanee riy6o-
KO€ M0 COJEPKAHUIO CBOMCTBO MO3BOJISIET MPUMEHUTH JIJIs JIOKAJM3alMKU U aHa-
JM3a TAPMOHUK CUHTYJSIPHBIX (PYHKIUH, ONMpeAessieMblX Ha KOHEYHOM HMHTEp-
BaJie BPEMEHHU, YaCTOTHBIE XapaKkTepucTuku (takue, kak AUX n ®UX), onpene-
JICHHBIE JJI1 UHTEPBAJIOB OECKOHEUHOU anuteabHocTh. [1o cyTH, 310 000CHOBa-
HUE MPUEMIIEMOCTH 3]1eCh 0OBIYHOTO YaCTOTHOTO MOX0/1a.

B xauecTBe KOMMEHTapHs K CIEJACTBUIO 3aMETHUM, YTO TEOPHUS ONTUMAJIb-
HOTO YIPABJICHMS CBSI3bIBAET BHUJ PEILICHUS] C OCOOCHHOCTAMH TaMUJIbTOHOBOM
Matpunibl (2.3.2). Hamomuum (cMm. [57]), uto Matpuiia M Ha3bIBaeTCs TraMHJIb-

. —Ing T
TOHOBOH, €ciu coOJIoaeTcsl ciaeayroliee MaTpuyHoe paBeHCTBO J M J=—M,

0 E o
rae J — matpuna Buaa ( E oo ] CriekTp raMHJIbTOHOBOW MaTpHIIbl 001a1aeT

CBOMCTBOM: Hapsy C KaKJIbIM YHCIIOM L OH COJAEPKUT, IPUUEM C TOU K€ KpaT-
HOCTbIO, YUCIO —. VIHBIMH CJIOBaMH, OH COJAEPXHUT JBOSKOCUMMETPUYHBIE
KOMIUJIEKCHbIE 4Hucia. B 3amayax onTuManbHOro ympamieHuss marpuna M He
MMEeT YUCTO MHHUMBIX COOCTBEHHBIX 3HAUYE€HMI, POBHO MOJIOBMHA €€ CIEKTpa
IPUHAUIEKUT noaymiaockocty Re p < 0. Tem camMbIM 0HO3HAYHO ONPEIEIIEHO
n-MEpHOE WHBAPUAHTHOE MOAIPOCTPAHCTBO, OTBEYAIOIIEE YCTOMYMBBIM COOCT-

BCHHBIM 3HAUYCHUAM (B HCM PacCIIOJIOKCHA OIITUMaJIbHAsA TpaeKTOpI/IH).
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[TapunanbHBIA CHEKTP CHHTYISPHBIX (DYHKIMH HA0O00pPOT 3aTparuBacT
MHUMYIO OCh — CKa3bIBA€TCSl 3HAK JIEBOI'O HMKHETO OJ0Ka KOA(P(HUIIMEHTOB —
OCTaBasiCh JABOSIKOCHMMETPUYHBIM. TakuM 00pa3oM, paccMaTpuBaeMas 3agada
UMeEEeT CBOM OCOOEHHOCTH.

OmnpeneneHre 4acTOT MapIUAIBHBIX KOMIIOHEHT CHHTYJISIPHON (YHKITHH,
T.€. €e MapLUUaJIbHOrO CIEeKTpa — nmpobiiemMa BechMa cioxHasi. Ee pemenue mo-
KET 00JIErYUTh JOKAIM3aIMs 3TOr0 CIEKTpa Ha OCHOBE CJIEAYIOIIET0 CBOWCTBA.
Paccmorpum  pyHKumMioo kKoMmruiekcHOTo mnepemeHHoro R(p)=0(p)Q(-p). Ha
MHUMOW OCH OHa COBIAJacT ¢ KBaaparoM oObrdHONW AUYX, a B OCTaNBHBIX CITY-
qasx OTJIMYAETCs OT Hee.

CaoiicTBo 1. (Jlokanuzanus cnekrpa). [lapuuanbHbiii CIEKTp CUHTYIISAP-
HOW (YHKIIMH CUCTEMBI 3aKITIOYEH B 00JACTH KOMIUIEKCHOW TIOCKOCTH, Orpa-
HUYCHHOW YCIIOBUSIMU

Im(R(p)) = 0, Re(R(p))=c" 0. (2.3.6)

B camom ACJIC, KaK IIPABbIC, TAK U JICBBIC CUHTYJISIPHBIC q)YHKHI/II/I orepa-

TOpa CBEPTKH YIOBIETBOPSIOT cooTHoueHuIo Q(p)O(—p) f (p) = o f (D).

[lepeiizeM OT HEro K OIEPaTOPHOMY paBeHCTBY R(p)-o-=0,
rae R(p) = O(p)Q(—p). YuuTsiBas BEIIECTBEHHOCTh YUCIA G, MPUPABHAEM HYJIIO
NefiCTBHTEIPHYI0 H MHUMYIO 94CTH KOMILIEKCHOTO BBIpAXKEHHS R(p)—G°, mOIy-
guM (2.3.6). [lepBoe u3 cootHomenuii (2.3.6) CBUIETENBCTBYET 00 OTCYTCTBUH
($ha30BOTO CIIBUTa CUHTYJISAPHON (PYHKIIMH TIPU MIPOXOKIECHUU €€ Yepe3 MOCIe0-
BaTeJIbHOE COCIMHEHUE MPSMON U COMPSKEHHOM crucTteM. CMBICT BTOPOTO YCII0-
BUSI — OJMHAKOBBIA KOA(D(UIIMEHT yCHIICHHS BCEX MapIlMaIbHBIX KOMIIOHEHT,
BXOJISIIIUX B COCTaB CUHTYJISIPHOU (PYHKIIUH.

[TosicHuMm Taxxe (U3MYECKUM CMBICT 3THX COOTHOIIEHHH. B cooTBeTcT-
BUM C MEPBBIM OMNpEeIeHUEeM CUHTYISIPHON (DYHKIIMU W BUJIOM IMEPEIaTOYHBIX
YHKIHT OpsMOit S M CONPSIKCHHOM S CHCTEM MepenaTouHas GyHKIHS UX I10-

cienoBaTenbHOTO coeaunenus pasHa Q(p)O(—p).
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[locnenoBaTenpHOE COEAMHEHHE MIPSIMON U CONPSIKEHHOM CHCTEM HU3BECT-
HO B TEOPUU KaK aMIUTUTYHbIN QuiibTp. OH MEHSET aMIUIUTY/bl TAPMOHUK, HO
OCTaBJIIET HEU3MEHHBIMHU (Da3bl CUTHAJIOB, MOCKOJIbKY CONpPSDKEHHAs CUCTEMa
BBICTYIaeT Kak (a3oBbiii koMreHcarop. CiieqoBaTebHO, BCE TAPMOHUKH TPO-
XOJSIT Yepe3 TaKoe COEJUHEHUE C COXpaHeHHeM (OpMbl CUTHAJA, YCUIUBASCH
OJIMHaKoBO. B wurore, cuHrynspHas QyHKIUS, MPOXOAS Yepe3 aMIUIUTYAHBIN
GbuIbTp, HE UCKAXKAETCA MO (opMe, a TOJIBKO YMHOXKAETCS Ha MOJIOKUTEIbHBIN
K03 UIMeHT 6°. B TepMHHAX YaCTOTHOTO MOAXOJA JTO BHIPAKAETCS IBYMS
ycnoBusiMH (2.3.6).  JIOTIOMHUTENbHBIA MpUMEpP MPUMEHEHUS! 3TOTO CBOMCTBA
OyZAeT pacCMOTPEH MO3XKE.

CBoiicTBO 2 (kpaeBble ycnoBusi). JIeBble CUHTYIsIpHbIE (DYHKIIMH Olepa-
TOpa CBEpTKHU cucteMbl (2.2.1), oTBevaronue aareOpandeckoMy CUHTYISPHOMY

YHUCIIYy A, YIOBJIETBOPSAIOT KPACBBIM YCIOBHUSIM

£0)=0, L£(0)=g(0)£(T), L £(0)=4(0)f(T)—q(0)f(T), .... (2.3.7)

t
3anumieM, coriacHo Teopeme 1, A f(¢)= J q(t—1)f(T—1)dt, rae
0

q(t) — ummnynbcHas BecoBas (yHkiusa cuctemsbl. [lomaras ¢ = 0, momyuaem
A0)=0, T.e. mepBoe u3 cootHomenuit (2.3.7). Juddepenuupys paBeHCTBO MO

BPCMCHH, ITOJIYYUM
L (0)=qO0)f(T =)+ [4(t—7)f(T -7 )dr,

qto mocie moxcranoBku =0 gact A f(0) = ¢(0) £ (T), T.e. BTOpoe U3 COOTHOLIE-

Hu#t (2.3.7). Beinonusis noBropHoe AuddepeHnnpoBaHue B COYETAHUM C UHTET -

PUPOBAHMEM I10 YACTSIM, TIOJYYUM TPEThEe U3 COOTHOIIECHUH (2.3.7) U T.A.
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Bo3MmoxeH Takxke ManPI‘IHBIﬁ BapHUAHT O0Ka3aTCJILCTBA, OCHOBAHHBIN Ha

paccmorpeHuu paBeHCTB y=CX; y=CAX+CBu u npyrux, noiaydaeMmsbIX HUX IO-

cienoBaTeNbHBIM AU PepeHImpoBaHrueM, 11 BXOAHOTO curHana u=f(t). 3ame-
THM, YTO TICPEUHCICHHBIC KPAaeBbIe YCIOBHS BBIITUCAHBI C YICTOM HYJICBBIX Ha-
YJaJIbHBIX YCIIOBHH CHCTEMBI.

Otr HOpMYIIBI UMEIOT PETYIISPHBIA BHJI U MOTYT OBITH 3aITMCaHbl B MaT-

pu4HON (popme, CTPYKTYPY KOTOPOM MOSCHUM Ha MPUMEPE MEPBBIX YETHIPEX YC-

JIOBUI:
7(0) 0O 0 0 0 7(T)
\ Jf(O) | 9@ 0 0 O —{(T)
SO | 40 ¢ 0 0 S(T)
F©) L §0) 40 q0) 0 ){-f(T)
WHOU BAPpHUAHT 3aIlIUCH
7(0) 0 0 0 0 7(T)
N SO || €CB 0 0 0 -f(])
£(0) CAB CB 0 0 (M
7)) | CA’B CAB CB 0 /|- f(T)

yI0OCH MpH 3aIaHUH YPABHEHUH CUCTEMBI B IIPOCTPAHCTBE COCTOSTHUH.
KpaeBble ycnoBusl JUIsl MPaBbIX CHUHTYISPHBIX (DYHKIMH WMEIOT aHao-
TMYHBINA BUJ W TOJYYarOTCS M3 MPHUBEACHHBIX myTeM 3aMmeHbl f(f) = g(T—t), Ha-
npumep, g(T) =0, g (T) = ¢(0) g(0), n T.x.
3nauenus ¢(0)=CB, §(0)=CAB, §(0)=CA’B, ... Ha3bIBAIOTCS MAPKOB-
CKUMH TIapaMeTpaMH JAUHAMUYECKON cucTeMbl. C HX TOMOIIBIO BBIPAXKACTCS
MHTEPECHOE TOIOJIOTHYECKOE CBOMCTBO (ChOpMyIHUpYyeM €ro IJIs JICBBIX CHHTY-

JSPHBIX QYHKUIUMN).
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CBoiicTBo 3 (B3auMmocCBs3b mapaMeTpoB). Eciam HauajabHble 3HAYECHUS

CUHTYJISIPHBIX (DYHKIIMH HOPMHPOBATH C IOMOIIBIO MapKOBCKHX IapaMeTpPOB
ycanoBueM f;(0) = g(0), To X KOHEUYHBIE 3HAYECHHUS "3aMETAIOT" ONEPAaTOPHBIN

cunektp f{T)=A; (ecnu nmepBasi MpoU3BOJHAsL paBHA HYJIO, TO HOPMUPYEM BTO-
PYIO IIPOU3BOHYIO M TaK Jajee).

Tem cambiM, Yepe3 MapKOBCKHE TapaMeTphl YCTaHABIMBACTCS B3aUMO-
CBSI3b CHUHTYJSIPHBIX (YHKIUH W OMEpaTOpPHOrO CIEKTpa CHUCTEMBbl. 3HAYCHHE
9TOTO CBOWMCTBA IS aHAIHM3a CHHTYJSIPHBIX (YHKIWH MOSCHUM Ha MPOCTOM
npuMepe.

CunycouaanbHble CUHTYISpPHBIE (YHKIUH HACaTBHOTO KOJeOaTeIThbHOTO
3BeHa + K’y = u, umeroT Bux Af) = sin(w 7 + 0)sin(0,) — sin(w,+6,)sin(0,).
V3 HayalbHBIX YCJIOBHA CIEAYET, YTO YacTOTHl U (Pa3bl MapIUaibHBIX COCTaB-

JSAOMUX ©], O, 01, 0, YIOBIECTBOPSIIOT COOTHOIIECHUIO

01/tg(01) = wy/tg(0,),

WHBApUAHTHOMY K HOMEPY CHUHT'YJISIpHON (QYHKIIHH.

Otcioga BUAHO, YTO 3HAHUE JIOOBIX TPEX MApaMETPOB CHHTYISIPHBIX
(GyHKUMN TO3BOJISIET HAXOAUTh YETBEPTHIN apaMeTp.

AHaANIOrMYHOE COOTHOIIEHUE UMEET MECTO JIJISi CUHTYJISIPHBIX (PYHKIUH C
rUnepOoIMYeCKUMHU KOMITOHEHTAMM.

VY4er Takux COOTHOILIEHUN TMO3BOJISIET U30€KaTh TPYJOEMKHUX BBIKIIAIOK.
CxonHas cuTyalys UMEET MECTO MPU aHAJIN3E YCTOMUYMBOCTH CUCTEM IO JIOTa-
pUbMHUYECKUM YaCTOTHBIM XapaKTepUCTUKaM, Korja (azoBas XapaKTepUCTUKa
MIONPOCTY HE MCHOJIB3YETCA. AHAJIN3 COOTBETCTBYIOLIEN CBA3U MEXIY M3MEHE-
HUSIMU aMIUTUTYAHOU U (a30BOM XapaKTEPUCTUK ChITPall 3/1€Ch 3aMETHYIO POJib,
MIO3BOJISISI AHAJIM3UPOBATh YCTOMYMBOCTh TOJIBKO IO OJHOM M3 HMX Ha OCHOBA-

HUU Kpurepus HaiikBucra.
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2.4. Ilonck cUHTYasIpHBIX GYHKIUH HA OCHOBE YaCTOTHOIO MOAX0/AA

YacToTHBIN MOAXO[ MOJYYMIT MIMPOKOE pacHpoCTpaHeHue Onarofaps ero
CIIOCOOHOCTH Tepe/iaBaTh JOBOJIBHO CIIOKHBIE COOTHOIICHUS, BO3HHKAIOIINE
NIpU aHaJN3e JMHAMHYECKUX CHCTEM, B OTHOCUTEIBHO MpocToM BHae. s Toro,
9TOOBI MPUMEHUTH €0 B pacCMaTPUBAEMOM Cllydae, HEOOXOIMMO paccMaTpu-
BaTh YaCTOTHBIE XapaKTEPUCTHUKU HE TOJBKO HA MHHMOW OCH, KaK B OOBIYHOM
YaCTOTHOM aHaju3e, a Ha BCeW KOMIUIEKCHOW IJIOCKOCTH. DTO OTHOCHTCA K
o0ouM 0J10KaM, MOKa3aHHBIM Ha puc. 2.2.1, 6 (k cucteme u K GIaun-onepaTopy).

Yacmomuvle xapakmepucmuku cucmemsl. BBeneM B paccMOTpeHHE
000O0IIEHHYI0 YaCTOTHYIO XapaKTepUCTHKY CUCTeMBbl A(p), paccMaTpuBas ee
Kak Kod(puIMeHT nepenaun CHHYCOMAANBHBIX M TUIIEPOOTNIECKIX MapIHab-

HBIX COCTAaBJIAIOIINX CHUI'HAJIOB. Ona BBIPpAKACTCA YCPC3 BBCIACHHYIO PAHCC

byukuuto R(p)=0(p)Q(—p) 1 umeer BU:
A(p) =+/R(p) . (2.4.1)

OTa xapakTepucTUKa coBMajaer ¢ oObryHOM AYX TONBKO HA MHUMOM
ocH, Korga p=jo. Jus runepbonuueckux curHaioB tuma sh(af) B dhopmyny
(2.4.1) cnenyeT MOJCTABIATh p=a.

Yacmommuvie xapakmepucmuxu ¢ghaun-onepamopa. dOaun-onepaTop — JIu-
HEWHBIA, HO HECTallMOHApHBIA 00BEeKT. OH HE MEHSET aMIUIUTYAy TapMOHHK
(ero AUX paBHa equHUIIE), a CBUTaeT CUTHAJI BO BpeMeHH. BennuuHa ciapura
3aBUCUT OT Ha4yaJabHOU (ha3bl, MpUUEM BO3MOKHBI CIydad, KOTJa CUTHAJI BOBCE
He MeHsercs. HecrammonapHbie 0OBEKTHI MPUHATO ONMKMCHIBATH MapameTpuye-
CKMMH TIepeJaTOYHBIMH (PYHKIMSAMU, 3aBUCSIIUMU OT BPEMEHH WM OT Iapa-
Mmetpa. Tak, Hanpumep, B metoje ['onpadapdba napameTpruyeckas neperaToyHast
GyHKIUS JTMHEAPU3yeMOro HEJIMHEHHOTO JJIEeMEHTa 3aBUCUT OT aMIUIUTYIbI

BXOJHOI'O CHUI'HaJIA.
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[Ipumensisa ¢paun-meTo, Mbl BBOJAMM HECTALIMOHAPHBINA OJIOK, MepeaaTou-
Hasi QyHKIHS KOTOPOTO 3aBUCHUT, HA0OOPOT, OT (pa3bl BXOAHOTO CUrHaja 0.
[Tycth BxOqHOM curHan paBeH u(f) = sin(wt + ), Torga BEIXOAHOM CHUT-

HaJI ITOCJIC UHBCPCHUH BO BPpEMCHU 6YIICT HUMCTDb BU],

u(T —¢) =sin(oT — ot + 0),

rae T — JIMTETLHOCTh MHTEpBaia BpeMeHH. J[s orneHkH caBura ¢asbl 3amu-
meM ToT ke curHai kak u(T—¢) = sin(wt+0+n—wT-20). ScHo, yto H0OaBKa

n-®T—20 onuckiBaeT (pazoByI0 XapaKTEPUCTUKY (IIMIT-OnepaTopa

y(0,0)=m—oT-26. (2.4.2)

B cnydae amepuoanueckux CUTHaJIOB aHaIM3 (a30BOH XapaKTEPUCTUKH
MPUBOJIUT K CXOJAHOMY pe3yJIbTaTy, OJJHAKO MHBEPCHUS 3HaKa rapMOHUKU HE MO-
KET ObITh yuTeHa caBUroM (a3bl Ha 7. [IpUcTynuM K onpeaeseHuIo CUHTYIIsp-
HBIX YUCEJ U CUHTYJSIPHBIX (DYHKIIMI HA OCHOBE YaCTOTHOTO MOJIX0/1a.

Kaxnas cunrynspHas gyHkuust f(f) 3aBUCHUT OT 21 mapameTpoB (4acToT
1 (a3 napuuagIbHbIX COCTABISAIONINX), 00Ilee YUCI0 HEU3BECTHBIX, C YUETOM ajl-
re0OpanyecKkoro CUHIYJSIpHOTO 4Mcia, paBHO 2n+1. DTo oTpaxaercs Ha KOJIHU-
YeCcTBE YPaBHEHUI CBsI3U, KOTOPbIE TPEOYIOTCS JUIsl UX OTHICKAHMS.

B psine ciyyaeB METOJOM HCKIIIOUYEHHS MEPEMEHHBIX MOXKHO MEPEUTH K
OJJHOMY YpPaBHEHHUIO OTHOCUTEJIBHO OJHOTO IapaMeTpa, B KauecTBE KOTOPOTo
Haubosee 11e51eco000pa3Ho B3ATh CUHIYJsIpHOE uucio A. Takoe ypaBHeHHE Oy-
JIEM Ha3bIBaTh XAPAKMEPUCMUYECKUM YPAGHEHUEM Ol ONEPpamopHO20 CHeKmpa
JTUHAMUYECKON CUCTEMBI.

[lepBbie 21 ypaBHEHUH MMOTy4yaeM Ha OCHOBE TPETHErO ONpPECICHUs CUH-

TyJIsipHON pyHKIMH
SEf(6)=Lf(2). (2.4.3)
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Cootnomenue (2.4.3) MOXHO TPaKTOBaTh KaK ypaBHEHUE ONEPATOPHOIO
OanaHca. [Ipy 4aCTOTHOM MOAXO/E OHO PA3AEIACTCS HA YpPaBHEHUS aMIUIMTY-
HOro U (azoBoro OanaHcoB. Jlanee B LEIsIX IPOCTOThI U3JI0KEHHUS OIPAaHUIHMCS
PAacCCMOTPEHUEM CHUHTYJSIPHBIX (YHKIMH, colepiKalluX TOJBKO CHHYCOUJAJb-
Hble cocTapistonie. Ha OecKoHEeYHOM M MOIyOECKOHEUYHOM HHTEpBajlaX Bpe-
MEHHU CHUCTEMa MUMEET TOJIbKO TaKUE€ CHUHTYJISIpHbIE QYHKIWH, a TPU MEepexojie K
KOHEYHOMY HMHTEpBaJly OHHM WIPAlOT, KaK IPaBWIO, JOMUHUPYIOLIYIO POJIb.

VYpaBHeHUE aMIUTUTYJHOTO OajlaHca 1Sl TaKUX (PYHKIIUN UMEET BU/T

A(w)— |1 |=0, (2.4.4)

rae A(®) — oObIYHas aMIUIUTYHO-4aCTOTHAS XapaKTEPUCTHUKA CUCTEMBI.
CootBeTcTByIOIIEE ypaBHEHHE (Pa30BOTr0o OanaHca MOJy4yaeM, YUUTHIBas

(ha30BbIC XapaKTEPUCTUKH KACKaHOTO coeuHeHusl 06J10KoB puc. 3.1.1, 6,

¢ (o) + y(w,0) = arg (L), (2.4.5)

rae arg(A) =0mpu A >0 u arg(A)=mn npu A<0.

[Tocne nmoxcranoBku B ypaBHeHus (2.4.4) u (2.4.5) napiuaibHbIX 4acTOT
0, ©, ..., ®, 1 a3z 0, 6,, ..., 6, monyyaeM cucrteMy 27 HEIMHEHUHBIX ypaB-
HEHUM OTHOCHUTENbHO 21 + 1 HeusBecTHHIX (C ydueToM A). Ha ocHOBe Havalb-

HBIX M KPaeBbIX YCIOBUM (CBOUCTBO 3) mosyyaeM (a30-4aCTOTHOE YpaBHEHUE

){((Dl, 2, ..., Wy, 91, 92, ey Gn)=0 (246)

B gactHOCTH, NJ14 3BEHBEB MEPBOTO MOpsiAKa (MHTErpaTopa U amepuoIu-
YECKOIo 3B€Ha) OHO UMeET KpaitHe rmpocTtoit Bug 0; = 0.
JI1s uaeanbHOTO KOJe0aTeIbHOTO 3B€HA MOJydaeM YK€ YIIOMUHABIIEECS

WHBapUaHTHOE COOTHOIIEHHE m;ctg(0;)—m,ctg(0,) = 0.
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HeoOxonumocTth B paccMoTpeHUn (Pa30-4acTOTHOTO YPABHEHHS OTPAXKAET
cnenupuKy KOHEUHOTO MHTEpBaja BpeMeHU. TakuM o0pa3oM, MOoJIydeHa 3aMK-
HyTasi cuctema ypaBHeHuit (2.4.4 — 2.4.6) nns onpeneraeHusi CUHTYJISPHBIX YH-
CeJ M COOTBETCTBYIOIIUX UM CHHTYJISIPHBIX (PYHKIIUI OTllepaTtopa CBEPTKH.

Ee mMoxHO pemiaTh aHamuTUYECKH (€CIM 3TO yAacTcs), JIMOO YHCICHHO.
OpHoii U3 3a7a4, MOCTABJICHHBIX B HayaJie TJaBbl, ObIO OTHICKAHUE XapaKTepH-
CTHUYECKOT0 YpaBHEHHUS JUIsl CHHTYJIIPHBIX YUCeln oneparopa cBepTku. Cucrema
YPaBHEHH MO3BOJIAET MPEAIOKUTH MPOLETYPY €ro GOpMHUPOBAHUS.

[Iar 1. I3 cucTeMbl ypaBHEHUN aMIUTUTYyIHOTO Oaiianca (2.4.4) BeIpa3uTh
napiuyagbHble YaCTOThI Kak PyHKIUU A: ®1(A), ®a(A), ..., ©,(A)

[Iar 2. ITogcTaBUTh MOTYyYESHHBIC BBIPAXKECHUS IS TAPIIMAIbHBIX YaCTOT B
ypaBHeHus ¢azoBoro Oananca (2.4.5) u HalTtu (a3oBble 3aBUCUMOCTH
01(A), B2(R), ..., 6,(1).

[IIar 3. IToacTaBUTh HAMICHHBIC BHIPAXKEHUS JJIs1 TAPIIUATBHBIX YacCTOT U
a3 B (pazo-yactorHOE ypaBHeHue (2.4.6).

B pesynbTaTe moiiydaeM HCKOMOE XapakTepucTuueckoe ypaBHeHue. OHO
OKa3bIBACTCSl TPAHCIICH/ICHTHBIM M UMEET CYETHOE MHOXKECTBO KOpHE#. ['padu-

YCCKad MHTCPIPCTALUA IICPBOTO 3Talla IMPOUCAYpPhI HOACHACTCA PUC. 24.1.

A

»
>

0 (O] (Q))

Puc. 2.4.1. I'paduueckast uHTEpHpeTaALMs aMILUTUTYIHOTO OanaHca.

Ha pucynke B xauectBe npumepa npuseaeHa AUX cucremsl 4-ro nopsia-
Ka C IByMsI P€30HAaHCHBIMHM 4aCTOTaMHU, KOTOpPasi COOTBETCTBYET IIEPBOMY WIEHY

ypaBHeHus (2.4.4). Moaynb | A | 7a€T TOPU3OHTAIIbHYIO JIMHUIO.
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Toukam nepecedyeHrs B OKPECTHOCTSAX PE30HAHCHBIX YaCTOT CUCTEMBI OT-
BEYAIOT YEThIpE MapluaibHble YacTOThl. B ciyyae ux momapHod OJM30CTH y
CUHTYJISIpHOM (QyHKUMU mposiBisercs 3pdext Ouenuid. ['mnepOonuueckue co-
CTaBJISIIOUINE CUHTYJISAPHBIX (YHKIMUNA BO3HUKAIOT MPU MAJIbIX 3HAYEHUSAX MOJY-
7S A, KOTJa YKMCJIO TOYEK NMEPECeUEHMs] OKA3bIBACTCS MEHBIIE MOPsSAKA CUCTE-
Mbl. [IpomimiocTpupyeM U3JI0KEHHYIO TPOLIETYPY ABYMs IPUMEPAMHU.

Ilpumep 1. HauneM ¢ KOHCEpBaTUBHOM CUCTEMBI, KaK Hanbojee MpoCcTon
JUIsl 4acTOTHOro aHanuza. OnpenenuM XapakTepUCTHUYECKOE YpaBHEHUE M CHH-
ryssipHble (YHKIMK IS 3BEHa ¢ Iepenatounoil gpynkimeit O(p) = 1/(p° + 1).

YpaBHeHHe aMILIHTYqHOTO Gamanca (2.4.4) umeer Bux 1/(1- ©”)* + A*= 0.

OTCIOIIa HaXOJAUM  BbIpAKCHHA JII ABYX IMAapHHUAJIBHBIX  Y9aCTOT
1
2

VYpaBuenue (azoBoro Oananca (2.4.5) 3amuiieM ¢ y4eTOM MOJYYEHHOTO

1+

panee paseHcTBa Y(®,0) = n— oT — 20 (Pa3oBas xapaxrepucTuka Gaum-

oreparopa):

o(w) + T — T -20=arg(A),

rae ¢(m) = arg (1- ®) — da3oBas xapakTepucTHKa KojiebaTenbHOro 3BeHa. Ee
MOXHO 3amucath B hopme ¢@(m;) =0, ¢(wy) = w. 31ech M, M, — MapUUaIbHbIC
4aCcTOTHI B OKPECTHOCTH OCO00I TOUKH 0, = 1.

Otcrona BeipaxkaeM ¢aswl: 0; = (1 — ©,T)/2, 0, = — 0, T/2 (ecnmu A > 0) u,
HaoOopoT, 0;=—m,T/2, 0,= (1 — w,T)/2 (ecmu A <0).

Ocraetcst BOCIIOJIB30BaThCs (ha30-4aCTOTHBIM ypaBHEHHEM (2.4.6)

mctg(0;) — moctg(0,) = 0.
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HOIICT&BJIHH B HCT'O MMAapOUAJIbHBIC YaCTOThI U (1)21351, JJI TIOJIOKUTCIIBHBIX

3HAYECHUI A MMOJIy4acM TPAaHCHCHACHTHOC XaPAKTCPUCTUUCCKOC YPABHCHHC!

1/1—l ctg I\/l—l +\/1+l ctg I,/1+l =0.
A 2 A A 2 A

I'paduueckoe pemenue 3Toro ypaBHeHus st T = 10m =22,3 mnpeacras-

NG

JieHo Ha puc. 2.4.2, a Kak TOYKH NepeceueHus GyHKIUHU JEBOM YacTu U ocu adc-

oucc. IIo MEpe HpI/I6JII/I)KeHI/I$I K Ha4dally KOOPpAWHAT TOYKH CIICKTPa CTyIIaroTCsA

(Ha puUCyHKE yKa3aHbl IEPBbIE TPU TOUKH CIIEKTPA).

10 x (L) 1,5

aATARTAE
e

S Nv\/&

~10 1,5

a) 0)

Puc. 2.4.2. TlonoxurtenbHble KOPHU XapaKTEPUCTUUECKOTO YPABHEHUS

KOHCEpPBATUBHOIO 3B€HA (@) W €ro riaBHas CUHTYJIsApHas GyHKIUS (0).

3HayYeHUsI KOPHEH XapaKTEepUCTUUECKOTO YPaBHEHHS B 3THX TOYKaX IJIs YKa-
3aHHOTO MHTEpBaja paBHbI 7,43 (TJIaBHOE CUHTYJSAPHOE 4ucio), aaiee 2,31 u
1,54. CoOTBETCTBYIOIIUE CUHTYJSAPHbIE (PYHKIIMH UMEIOT KoJieOaTeNbHBIM Xa-
pakTep

S\, t) = sin(®1(A)t + 0;(1))sin(02(1)) — sin(@a(A)z + 02(1))sin(0,(1)),

rpaduK riiaBHON CUHTYISIPHOM (YHKIIMU MTOKa3aH Ha puc. 3.4.2, 6.
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Cuna, packauuBaromnas OCUWLIATOP (MasATHUK, KOJIOKOJI) MO YKa3aHHOMY
3aKOHY, JOJDKHA COBHAAaTh C MPaBOMl CUHTYIsIpHOU pyHKIui (ee rpadux mo-
Jy4aeTcsl 3epKaJIbHBIM OTPAXXEHUEM MPUBEJECHHOTO rpaduka OTHOCUTENIBHO Ce-
peanHsl nHTepBasia). OHA BBI3BIBAET OTKJIMK MaKCUMalbHOM SHEPIUM Ha 3aJaH-
HOM MHTEpBaJie¢ BPEMEHHU.

Ilpumep 2. PaccmoTpuM 3BEHO C  NEpelaToyHor  (yHKUIHEH
Op) = /(p + b). llpu b = 0 sTa MOHENb OINUCHIBACT HWHTErPaATOp, MPHU
b > 0 — ycroitunBoe anepuoanyeckoe 3BeHo U npu b < 0 — HeycToWYMBOE are-
puoauyeckoe 38eH0. C TOUKH 3peHUs YaCTOTHOTO MOJX0/a 3BEHbs NEPBOTrO IMO-
psiJika MeHee YAO0OHBI ISl aHaIu3a.

BHauane nokanu3yemM mNaplUalbHbId CHEKTP CHUHTYISPHBIX (QYHKIUH,
onupasich Ha CBOUCTBO 1 u dhopmyiny (2.3.6) . B nanHOM ciydae, pu p =a + jo

Imojay4dacm

R(p) = O(p)O(-p) = V(b*p*) = 1"~ " + 0" 2jaw).

Cornacuo nepBoMy u3 ycioBuit (2.3.6) Im(R(p)) = 0 umeem aw = 0.
Otcrona BeITeKaeT, uro mbo a =0, nubo o = 0, T. e. napuUaIbHBIA CIEKTP
COCPEIOTOYCH Ha BEIIECTBEHHONH M MHIUMOMW OCSIX KOMIUIEKCHOH TIOCKOCTH.

B niepBoM ciiydae cuHTysipHas QYHKIUS TAHAMAYECKON CHCTEMBI TIPE]I-
CTaBJIsIET COOOM TUTIEPOOIMUECKYIO 3aBUCUMOCTh Buaa f(t) = sh(at + 0), Bo
BTOpOM — cuHycouny f(¢) = sin(wt + 0).

CortacHo BTopoMy u3 yciosuii (2.3.6) Re(R(p)) = 0 umeem b*+w’ >0.
OTcroa mosydaeM, 9To JOMYCTHMasi 00JIACTh BEIIECTBEHHOW OCH OTpaHUYCHA
otpe3koM —b < a < bh. B yactHOCTH, IUIst HHTETpaTopa, korga b =0, 3TOT OTpe-
30K BBIPOXKAACTCS B TOUKY. [I03TOMY HHTETpaTOp HE MOXET UMETh T'UIIEpOOITH-
YeCKUX CHHTYISpHbIX (yHkimil. Ilocne mpoBeneHHON NOKamu3aluu CHEKTpa

nepenieM K pacCMOTPEHUIO ypaBHEHUH OanaHca.
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O6biynas AYX cucrembl u runepoonnyeckass AUX (nanee noguepkHy-
Tas), onpejensemMas ypaBHenuem (2.4.1), naiot JBa ypaBHEHHs aMIUITUTYHOTO

Oamanca IJIA TapOUuaJIbHBIX YaCTOT

| A [FA(w)= % , oTcrona =+/1/A> —b* ,
b” +m

| A [F4(a) = Z)Z%’ orcrona a=+b* —1/\* .
—a

Bropoe w3 HUX chpaBeiiMBO AJii COOCTBEHHBIX 3HAUYEHUH A, TPEBHI-
MIAFOIIUX CTATHYECKH KOAPUIIMEHT ycriieHus 3BeHa. OObuHas (ha3oBas dac-
TOTHasl XapaKTePUCTHKA allepUOJUIECKOr0 3BeHa UMeeT BUJ ¢(w)=—arctg(w/b).
BBenem cnemyromnryro runepOooandeckyto $pa3oByr YaCTOTHYIO XapaKTEPUCTHKY
¢@(a)= — arth(a/b), He yuuTHIBaIONIYIO CMEHY 3HAKa TApMOHUKU Tpu h<0.

N3 da3zo-gacToTHOrO ypaBHEHHs (HYJIEBBIX HadaJbHBIX YCIOBHI) CIEmy-
eT, uto 0 = 0. [ToaTomMy (ha30BbIe YACTOTHBIE XapaKTEPUCTHKHU (DIUT-omepaTopa
IJIS TIEPUOINIECKOTO M allepUOIMIECKOTO PEKUMOB UMEIOT BHJI, COOTBETCTBEH-
HO, Y(®) =7 — 0T u y(a) =aT, nociennss hopmysia HE YYUTHIBAET CMEHY
3HaKa rapMoHUKH. CXOIHYIO XapaKTepUCTUKY UMEET 3BEHO 3a/ICPKKU HA HEKO-
Topoe Bpems T.

OTcroma mony4yaem mapy ypaBHeHHi (a3zoBoro OanaHca sl TIepUOaIAYE-
CKOTO W amnepuoJMYecKOro pexumoB —arctg(w/b) + m — oT = arg (A) u
— arth(a/b) — aT = 0. T'unepbonuueckuit apkranrenc arth(a/b) mepecekaercs c
nuHeltHou ¢pyHkuuen — aT npu a<0, npuyeM ToIbKO B 0JiHOM Touke. CienoBa-
TEJNBHO, TUTIepOOINYecKass TapMOHHKA MOXET OBITh TOJIBKO Y HEYCTOMYHUBOTO
3BeHa mpHu T>b, mpuueM pOBHO OFHA. DTO TJIaBHAs CHUHTYIsIpHAas (pyHKIUS He-
YCTOMYMBOTO anepruouYecKoro 3BeHa, OHA OTBEYAET €r0 MaKCHUMaJIbHOMY CHH-
ryiaspHoMy 4mcity. OCTallbHBIE CHUHTYJSpHBIC (PYHKIIMM — OOBIYHBIC CHHYCOM-

Ja’dbHBIC, UX YACTOTHI HAXOJUM M3 TIEPBOTO ypaBHEHHS (Ha30BOTO OajaHca.
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XapaKTepI/I‘IeCKI/IC YPaBHCHUA TJIA IICPUOIUYUCCKOTO U AlICPUOJUYICCKOT O

PEKUMOB IIPU MTOJOKUTCIIBHBIX 3HAYCHUAX A UMEIOT BU

CUHTYJIsIpHBbIE (QYHKUMUH fi=sin(®f), fr=sin(m,t), ... I YCTOMYMBOrO 3BEHA U
f1 = sh(a?), f, = sin(wyt), ... mis HeyctoiunmBoro. Ha puc. 3.4.3 npuBeneHsl

NEePBBIC JIBE CUHTYJIAPHbIE (PYHKIIUU allepUOIMYECKOr0 3BEHa.

1 Si() H(1) 4
(0

(1)

a) 0)

Puc. 2.4.3. TlepBble ABe CUHTYIISIpHBIE (YHKIIMU allepUOIMYECKOTO 3BEHA:

a — yCTOMYUBOTO; 6 — HEyCTOMYUBOTO.

B kputnueckoMm ciydae, npu T=—b runepbonuyeckas 3aBUCUMOCTb CMe-
HSIEeTCS IMHEWHOMN f) = ¢ ¥ IpU ajnbHeleM yMeHbIIeHUU T — CHHYCOUJaIbHOM
f1=sin(w;f). TeM cambiM, Npu MajbIX 3HaUeHUsIX T 00a anepruoauyecKux 3BeHa,
YCTOWYMBOE W HEYCTOMYMBOE, MO CBOMM XapaKTepUCTHUKAM, BKIIOYas CHUHTY-

JsipHbIe QYHKIMH, TPUOIHKAIOTCS K HHTETPaTopy.
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2.5. I'pado-ananuTudecKnii METO MCCJIET0BAHUSA

YacToTHas Teopus CHCTEM aBTOMATHYECKOTO PEeryJupoBaHMs ObLIa CO3-

daHa OO0 IIPUMCHCHUA BBIUMCIIUTEIILHOM TEXHUKU U BBIpa6OTaJIa 3(1)(1)CKTI/IBHBIﬁ

I‘pa(i)O-aHaJII/ITI/ILIeCKI/II‘/II MCETO OIIPCACIICHUSA YCTOﬁqHBOCTH JUHAMHNYCCKHUX CHUC-

TeM. Ha Hem OCHOBAHBI, B YaCTHOCTHU, IMHUPOKO HUCIIOJIBb3YyCMbIC KPUTCPUU

HaiixBucra, IloroBa u HekoTopsle apyrue. Huke npeanaraercst pa3BUTHE 3TOTO

nmoaxoda Jjrd IMOJYYUYCHUS CIICKTPAJIBHBIX XAPAKTCPUCTHK OIICPATOPa CBCPTKU Ha

OTPAaHUYCHHOM HMHTCPBAJIC BPCMCHU.

JIns neMOHCTpanuuy 3aKOHOMEPHOCTEN pacCMOTPUM YaCTOTHBIE XapaKTe-

PUCTHKHU UHTErpaTopa ajs uatepsana Bpemenn T =35 (cm. puc. 2.5.1).

0)

Alm) 1 Alm)
O
O] G2
G3
(o))
03
([0
|1 ® : [ ® ®
“ ’ 3 2.0 (o) SL
P(o)
() ()
—T

Puc. 2.5.1. YacToTHBIC XapaKTePUCTUKU UHTETPATOPA (@) U allepruogUIECKOr0o

3BCHAa (@ Ha KOHCYHOM HMHTCPBAJIC BPCMCHHU.

Ha puc. 2.5.1, a npuBeaens! ero amrmutyaHas A(w)=1/o (Bblie ocu vac-

TOT) U (azoBas O(®w) = — m/2 (HUKE OCH YACTOT, OCU XapPaKTEPUCTUK COBMEIIIe-

HBI, HO MacITaObl BHU3 U BBCPX paSHBIC) YaCTOTHBIC XapPAKTCPHUCTHUKHU, a4 TAKIKC

cMeleHHas (a3oBas xapakrepuctuka duaumn-oneparopa y(w) = oT — 7, uHBep-

THPOBaHHAs 10 3HAKY JJis yAoOcTBa yuera Oananca gaz ¢(m) = y(w).
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HanomuumMm, 4to (pa3zo-yacToTHOE ypaBHEHHE JaeT 3/1€Chb TPUBHAJIBHOE
pelIeHre OTHOCUTENbHO caBura ¢gassl 6 = 0.

VYyuTeiBas CUHYCOMAANIBHBIN BUJA CHUHTYJSIPHBIX (DYHKIHMH, JTUHUU 4ac-
TOTHBIX XapaKTEPUCTUK (PIIUIT-ONIEpaTOpa pa3MHOKEHbBI C HHTEPBAJIOM 2Tt

[lo ToukaM nepecevyeHus] YaCTOTHBIX XapaKTepUCcTUK O(®) U W(w) BBI-
SCHSIETCSI 4acTOTa (0; IVIABHOW CHUHTYJISAPHON (PYHKIMH, OTBEYAIOIas MaKCH-
MaJbHOMY CUHTYJISIPHOMY YHUCIY G|, a TaK)K€ YaCTOThl M 3HAUYEHHUS CUHTYJISP-
HBIX YUCEJI OCTAIBbHBIX CUHTYJISIPHBIX QYHKUUN fi(f) = sin(myf).

Ha puc. 2.5.1, 6) nns cpaBHEHUsI MpPUBEICHBl AHAJTIOTUYHbBIE YaCTOTHbIE
XapaKTepUCTUKH arepruoaNYecKoro 3BeHa. TOUKH nepecedyeHnst KpuBbIX O(m) U
Y(®m) B 3TOM CiIy4ae paclojlaraloTcsi Ha OCH 4acTOT HeperyssipHo. [IpoBenen-
HBIM aHaJIU3 TMOKa3bIBaeT, YTO 4YeM OoJiblie 3HaueHue T, TeM IUIOTHEee JIexXaT
TOYKHU JTUCKPETHOIO CleKTpa Ha HenpepbiBHONH AUX. B o0nacTu BbICOKMX yac-
TOT (pu MajbiX T) CEKTpabHBIE XapaKTEPUCTUKU PA3IMYHBIX TUHAMHYECKUX
CUCTEM COIMKAIOTCSI.

YacToTHBIM MOAXOJ AAaeT MPO3PAUYHYIO HHTEPIIPETAIMI0 COOCTBEHHBIX
3HaueHuM, Kak Touek AUX, B3ATBIX MpU IUCKPETHBIX 3HAUCHUSX apryMeHTa,
T.€. YaCTOT, YJIOBJIETBOPAIOMMX (a30BbIM orpaHudeHUsM. OH IIEeHEH HE TOJIbKO
KaK METOJ MOJy4eHHs] KOHKPETHOro pesyiibrata. C ero noMoubio CTaHOBATCS
BUJIHBI TEHJECHIIMM U3MEHEHUS TUCKPETHOIO CIIEKTpa Mo Mepe U3MEHEHHUs IMpo-
TSOKEHHOCTH MHTepBasia T, XapaKTepUCTUK JTMHAMHYECKUX 3BEHbEB (IIOCTOSH-
HBIX BpeMeHH, ko3 duireHToB aemndupoBanus u T.1.). OH yKa3blBaeT Ha He-
PaBHOMEPHBIN XapaKTep pachpeneseHus MapuuaibHbIX 4acToT.

VY konebaTenpHBIX CUCTEM NapLUaIbHbIE YaCTOTHI COCPEAOTOUEHBI BO3JIE
pe3oHaHCHBIX TMKOB AUYX, 00pa3ys Onmskue napsl. Ha BrICOKMX 4yacToTax, OT-
BEYAIOLIMX MaJbIM 3HAYEHUSIM CHUHTYJSPHBIX YMCEJ, PE30HAHCHBIC MHUKHU Tepe-
CTalOT ONPENENATh XapaKTep CUHTYJSAPHBIX (YHKIMI, oHM Bce Ooisiee mpuOIu-
KAIOTCS K XapaKTepUCTUKaM A—KpPAaTHOTO MHTErpaTopa, MO 3TOW MPUUYHMHE €ro

HUCCIICAOBAHUC IIPCACTABIIACT 0COOBIH HHTCPCC.
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2.6. BeiBoabI

AHanu3 TOBEIEHUS IWHAMUYECKHX CHUCTEM Ha KOHEYHOM HHTEpBalle
BPEMEHHM COJIEPIKATEIICH 11 MHOTHX MPUKJIAAHBIX 3aaa4. Kiaccuueckas teopus
JUHENHBIX CUCTEM B 3HAYUTEIBHOUN CTENEHU OPUEHTHPOBaHA HA OECKOHEUHBI
WM TI0JTyOECKOHEUYHbI MHTEPBAJl BpEMEHHU. JTO KacaeTcs armnapaTta YaCTOTHBIX
XapaKTepUCTUK, peoOpa3oBanus Jlamnaca, aHanu3a yCTOMYMBOCTH U JPYTUX
oOnacTeil, r/ie MOJIy4eHO MHOTO KpPaCHUBBIX M MOJIE3HBIX pe3yibTaToB. OgHAKO
Ha MPAKTUKE TaKOW MOJAXO0J NPUMEHHUM JIUIIb JUIsl CUCTEM, BpeMsl paboThl KOTO-
PBIX 3HAYUTENBHO OOJIbIIE JJIUTEILHOCTH MEPEXOIHBIX MPOIIECCOB.

BMmecte ¢ TeM, peanbHble CUCTEMBI YaCTO pabOTalOT HA KOHEYHBIX UHTEP-
BaJlaX BPEMEHHU, COM3MEPUMBIX C BPEMEHEM IEPEXOIHBIX MPOLIECCOB CHCTEMBI.
B Takux yciioBUSX MHOTHE pe3yibTaThl KJIACCUYECKON TEOPUH MEPECTAIOT OBIThH
CIPaBEJIMBBIMU MJIA BOOOIIIE TEPSIOT CMBICI. JTO KacaeTcs, HapuMep, BOIPO-
COB YCTOMUYMBOCTH CHCTEM Ha KOHEYHOM MHTEpBajie BPEMEHH, a TaKXKe TOW PO-
7Y, KOTOPBIE UTPAKOT CUHYCOWUJAJIbHbIE TAPMOHUYECKUE CUTHAJIBI B YACTOTHOM
aHanuze. IloaToMy mpencTaBieTCs BaKHBIM HM3Y4YE€HHUE, BO-NIEPBBIX, TEX pe-
3yJIbTAaTOB U TOJIOKEHUN KIACCUYECKOW TEOPUHU, KOTOPBIE COXPAHSAIOTCA U HA
KOHEYHBIX MHTEpBajax BPEeMEHHU (BO3MOXKHO, C YaCTUYHOU MoauduKanueit) u,
BO-BTOPBIX, U3yU€HUE HOBBIX 3(PEKTOB U CBOMCTB, KOTOPHIE 3/1€Ch MOSBISIOT-
csi. B 3TOM cmbIciie MOKHO TOBOPUTH O HEOOXOAMMOCTH Pa3BUTHUS (PUHUTHOU
TEOPUU JIMHENHBIX CUCTEM.

B rnaBe uccienoBaH OAWH U3 acCIEKTOB 3TOM TEOPUH, CBA3AHHBIN C HU3Y-
YEHUEM CIEKTPAJIbHBIX XapaKTEPUCTUK OIepaTtopa CBEPTKHM HAa KOHEYHOM HH-
TepBasie BpeMeHu. PazpaboTan crocod onpeneneHus: ero CUHTYISIPHBIX YUCEN U
CUHTYJISIpHBIX (YHKLIMHA M HCCIIeJOBaHbl UX cBoicTBa. [lpu HeorpaHM4eHHOM
YBEJIMUEHUU UHTEpPBaJia BPEMEHHU CUHTYJsIpHbIE (YHKUIHUU CTAHOBSITCS CUHYCOU-
JATbHBIMH, OJTHAKO HA KOHEYHOM MHTEPBAJIE OHU HOCSAT COBEPUIEHHO MHOM Xa-
pakTep U MPEACTABISIOT COOON MOJUTAPMOHUYECKHUE CUTHANIBI C Pa3IUYHBIMU

mapnuajJbHbIMA 4aCTOTAMMU.
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I'1aBa 3.

JKCIEePUMEHTAJIbHbIC METOAbI IOUCKA CUHTYJISPHBIX QyHKIUN

3.1. OcHOBHBbIC OHATHSA U ONPeIeICHUA

PaccMoTpuM JIMHEHHYI0 TUHAMUYECKYIO CUCTEMY Pa3MEpPHOCTH 71 C HeE-

CKOJIbKMMH BXOJAaMH M BbIXOAaMH

x(f) = Ax(¢) + Bu(?),

3.1.1
y(@) =Cx(?), GLD

rae X(¢) € R" — Bekrop coctosinust; u(f)e R™ u y(f)e R® — BXOHOM U BBIXOJHON
BEeKTOpHBIe curHaibl; A, B, C — mocTosiHHbIE MaTPHIbl COOTBETCTBYIOLIUX
pasmepHoctelt; HadanbHOe cocTosiHue X(0)=0, 0 < ¢ < T. Ero MoxxHO omnucarb
Taxke MaTpU4HOM nepenarounoit Gpynxiueir Q(p)=C(pE - A)™'B, mi6o nm-
yNbCHOM BECOBOH XapakTepucTukoit q(z) =Ce™'B.

O6o03HaunM yepe3 S u I” onepaTop CBEPTKH U TaHKEJIEB ONEPAaTOp CHUCTE-
Mbl (3.1.1). JeiictBue stux oneparopoB Ha uHTepBaie (0, T) 3amaercsa Gopmy-

JJaMH

y(t)=Su(t) = jq(z‘ — 7)u(r)de, (3.1.2)

V()= Tu(t) = j q(t + 7)v(7)dr, (3.1.3)

B paznene 3.2 napsiny ¢ onucanuem (3.1.3) Oyner paccmarpuBathesi 60-

Jee OOIMI BUJA TaHKENEBa OMNEPaTopa, OCYLIECTBISIOIIETO OTOOpa)XXeHHE
I':LY(-T,,0)—> L}(0,T,). Kaxnslii u3 3TUX ONepaTopoB UCYEPIBIBAIOIINM 00-

pPasoM OIMUCHIBACT BXOA-BBIXOJIHBIC 3aBUCUMOCTU CUCTCMbI, HO UX MATCMAaTHUYC-

CKME CBOMCTBA CYHICCTBCHHO PA3JIMYArOTC.
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Omnepartop cBepTku S — 3T0 onepaTop Tuna Bonbreppa, oH XapakTepusy-
€TCsl HYJIEBBIM CIEKTPOM U HE MMeeT COOCTBEHHBIX (PYHKUMU Aake B cliydae
CKaJISIpHBIX CHCTEM (HE CYIIECTBYET BXOJHOI'O CUTHAJIa, COXPAHSIOLIETO CBOIO
dbopMy IpH NPOXOKIECHUU Yepe3 CUCTEMY C HYJIEBbIMU Ha4aJbHBIMU YCIIOBHUS-
Mu). S apo uHTerpansHoro oneparopa (3.1.2) 3aBUCUT OT pa3HOCTH £ — T.

["ankeneB onepatop /' UMEET CUMMETPUYHOE PO, 3aBUCAILEE OT CYMMBbI
(7, KOTOpOE HE MEHSETCS MPU NEpPEeCTaHOBKE apryMeHToB. OTCIOfla BHITEKAET,
yTo npu » =5 =1 (ogHOCBsI3HBIE cucTeMbl WM SISO-cucTeMbl) raHkeneB ore-
paTtop, Oyny4u CUMMETPUYHBIM, JOJIKEH 00J1a/1aTh BEIIECTBEHHBIM CIIEKTPOM U
Ha0OpPOM OPTOTOHAIBHBIX COOCTBEHHBIX (PpyHKUM f; (f). B [82] mokazano, 4To
JUTSL OJTHOCBSI3HBIX CHCTEM YHMCJIO 3TUX (PYHKUUNA KOHEYHO, PABHO Pa3MEpPHOCTH
CUCTEMBI 7 U COBNAJAET C PAHIOM TaHKeJeBa Oomeparopa. AHATUTHYECKU OHU
sanatorcs popmynamu f,(1)=G,e*B, i =1,n, rae G, — neBble COOCTBEHHBIE

T
A A
BEKTOPbI Kpocc-rpamuana cucrembl W, = Je ‘BCe™dr .
0

st maOTOCBsI3HBIX cucTeM (MIMO-cuctem) npu » # s TaHKEJEB orepa-
TOP OKa3bIBaeTCs "MPSAMOYTOJIBHBIM", TOATOMY BMECTO COOCTBEHHBIX (PYHKIIUIM
MIPUXOJIUTCSI TOBOPUTH O €T0 CUHTYJISIPHBIX (YHKIUAX, T.€. COOCTBEHHBIX (YHK-
UMSAX Npou3BeneHus [ T ,rae [’ " COMPSHKEHHBIN TaHKEJIeB oniepaTop (raHKeJeB
omepaTtop nyadbHON cucTeMbl). JIeBbie U MpaBble CUHTYIISIPHBIC (DYHKIIUU OTpe-

nensitoTest hopmynamMu
R/ (H)=G.e"B, S.()=Ce“H,, i=ln. (3.1.4)

[Tapa BexTopubix pynkimii Ri(f) u Si(f), oTBeyaromas MakCUMaJIbHOMY
CHUHTYJIIPHOMY YHCITY, Ha3bIBaeTCSI MAKCUMU3UpYIomiel mapoii [lImura.

Oyukius R;(7) obnagaer cnocoOHOCThIO B HAMOOJNbILIEH CTENEHU BO30Y-
KJIaTh CUCTEMY, OOecrieunBasi MOJIydeHHe BBIXOJHOTO CUTHAJIA ¢ MAKCUMAJIbHOM

sHeprueit. [Ipu 3TOM BBIXOHOM CUTHAT OKa3bIBACTCS MIPOTIOPIIMOHATIBHBIM S(7).
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3.2. Conepkanue (UIMN-METOAA B HATYPHOM JKCIIEPUMEHTE

Kak yxxe oTMedanoch, mpu pemieHu: psijia MPUKIATHBIX 3a/1a4 BOZHUKACT
HEOOXOAMMOCTh B OTBHICKAHUM COOCTBEHHBIX M CHUHTYJSIPHBIX (YHKIUI TaHKe-
JeBa oreparopa. MOKHO BBIIETHUTH JIBA MOJX0/1a K MX HAXO0XKICHUIO — aHAJIUTH-
YECKUI U AKCIIEPUMEHTAIBHBIA. AHATUTHYECKIE METOJBI OMMUPAIOTCS Ha Qop-
MYJIbI, IPUBEACHHBIE B MPEABIAYIIEM pazaene. OgHaKo A UX MPUMEHEHUS He-
o0xoanmMo 3HaTh MaTpuIlsl A, B, C onucanusi B IpOCTpaHCTBE COCTOSHUM MO0
MaTPUYHYIO UMIYJTBCHYIO XapaKTepUCTHKY oObekTa. Ecim ske MmaTremMarudeckoe
OIHCaHUE MCCIIEyeMOro 00BhEKTa HEM3BECTHO, TO AHATUTHYECKHE METO/bI He-
MOCPECTBEHHO HEMPUMEHHUMBI. B Takux ciydasx clieqyeT HCIOIb30BaTh MPaK-
TUYECKHI TOJIX0/I, MPEANOJIararonii pa3paboTKy HHKEHEPHBIX METOJIOB OIIpe-
JICJIEHUs] TAHKEIIEBbIX COOCTBEHHBIX M CHHTYJSIPHBIX (DYHKIIMI TTyTeM MpoBe/e-
HUST HEKOTOPBIX BXO/I-BBIXOJHBIX SKCIIEPUMEHTOB HaJl 0OBEKTOM.

OTMeTHM, 9TO C METOAMYECKON TOYKH 3PEHHUsS 37e€Ch MMEETCS TOJHAsS
aHaJIOTHUs C 3a/1a4eil ompeeICHHsI UMITYJIbCHON BECOBOI XapaKTEpUCTUKUA O00b-
eKTa, JUIs PElIeHUsT KOTOPOH pa3padoTaH psl AKCIEPHUMEHTaIbHBIX METOJOB,
TaKUX KakK BO30YyXJeHHE 00BbEKTa MMITYIbCHBIM WA CTYNEHYATHIM CHTHAJIOM C
nocjeaywieil 00paboTkoi peakiuu, Bo30YyKaeHne 00beKTa OCNbIM IIYMOM H
BBIUMCIICHHE B3aUMHOW KOPPEISIIMOHHON (PYHKIIMK MEXIY BBIXOJOM U BXOJIOM,
BO30YX/JICHHE O0BEKTa MPOU3BOJIBHBIM CHUTHAJIOM C TOCIEIYIOIIUM pPEIICHHEM
ypaBHenusi Bunepa—Xonda u np.

B pemenun mocTaBiIeHHOHN 3a7ja4d BBIICTUM TPH dTara:

— pa3paboTKy IKCIMEPUMEHTAIBLHON MPOLEYPHI MOIYICHUS Peakuu y(?)
raHkeseBa oneparopa /’ Ha BXOAHOE Bo3zeicTBue u(?);

— pa3paboTKy aHAJOTUYHOHN MPOLETYPHI IS MOTyUYEHUST peaKIuu COMpsi-
’KEHHOTO TaHKeJIeBa oneparopa I ;

— pa3paboTKy 3KCIEPUMEHTAIBHON MPOIENyphl MOJYYCHUS TaHKEIECBBIX

CUHTYJISIPHBIX (PYHKIUH.
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OcTaHoBuMCs OAPOOHEE HA KAXKIOM U3 3TUX ITAIlOB.

1. Peanuzanusi rankeneBa omneparopa. [IepBbIM 1maroMm K pemieHuro IMo-
CTaBJIEHHOM 3a/1auM JIOJDKHA OBITh pa3paboTKa MpoILeayphbl SKCIIEPUMEHTAIHHO-
ro MOJYYEHUs] PEAKIIMU TaHKEJIEBA oneparopa /' Ha BXOAHOE Bo3aeucTBue. s

9TOT'0 BOCIIOJIB3YEMCA Hz[eeﬁ CTpYKTypHOﬁ pcain3aliiv TaHKCJICBA OIICpaTOpa.

— BHO ———> ¢mun ovag—> Q(p)

Puc. 3.2.1. CTpyKTypHas peanu3anus raHKeIeBa onepaTopa.

Ee cyTh nosicusercs puc. 3.2.1, Ha koTopoM yepe3 Q(p) obo3HaueHa re-
penaTtodHas GyHKIUS UCCIIEeyeMON JTUHEHHONW TUHAMHYECKONW CUCTEMBI, Yyepes
"hun" (ot anria. "flip" — mepeBopoT) — OJIOK, OCYIIECTBIISIIONINNA PEBEPCUPOBA-
HHE BXOJHOTO CHUT'HaJIa OTHOCHUTEJILHO OCH OpPJIMHAT, T. €. IEPEeX0 ] K KOMUU CHUT-
Haja B oOpaTHOM BpemeHu, a BHO — 610k HOpMUPOBKHU U OPTOTOHATU3AIIHNH.

MaremaTuieckoe 000CHOBAHHME CTPYKTYPHOM peasiu3allud OMHUpPAETCs Ha
MpeCTaBlIEHUE TaHKeJeBa oOIepaTopa B BHJE MPOU3BEACHUS ONEPaTOPOB
ynpasieHus L. u Habmoaenus L,: = L, L.. DTo IpUBOAUT K ONMHCAHUIO TaHKE-

JeBa oneparopa popmynamu

x(0) = j e Bu(-t)dt, y()=Ce*x(0), 0<t<T,,  (3.2.1)

-T,
Tac T] u T2 — HJIUTCIIBHOCTU MHTCPBAJIOB YIIPABJIICHHA U Ha6HI'OI[eHI/I5{ COOTBCT-

CTBCHHO.
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Takum oOpazom, JuIst TOrO, YTOOBI HIKCIIEPUMEHTAIBLHO HAOMIOAATh JEHCT-
BUE raHKeJIeBa ornepaTopa Ha curHan u(z), 3aganusiid Ha uarepsaie (0, T;), Hago
pa3BepHyTh €r0 BO BPEMEHH, Mepeiiis K CUrHany u(—f), BO30yAUTh UM CUCTEMY
Ha untepBane (T, 0), u 3apeructpupoBath peakiuio Ha uHtepBaie (0, T,).
Jlanee yka3zaHHYIO TIOCJIEIOBATEIbHOCTD ACUCTBUI OyneM JUisl KpaTKOCTH Ha3bl-
BATb CAHKENEBbIM IKCNEPUMEHMOM.

3ameTum, uto nipu T; — 0, Tr—> oo raHkeneB SIKCIEPUMEHT MpEeBpalIaeTCs
B OKCIEPUMEHT 10 ONPEACICHUIO UMITYJILCHOM BECOBOM XapaKTEPUCTUKH, a TIPH
T, — o, T;— 0 cOOTBETCTBYET OmepaTopy yIpaBlieHHs cocTosiHueM L.. B pa6o-
te [19] mokazaHo, YTO TaHKEJIEB SKCIEPUMEHT MOXET OBITh MCIIOJIB30BaH IS
OTpeJIeICHHs TaHKEIEeBbIX (PYHKIIUN OJHOCBSI3HOM CUCTEMBI. DTO JOCTUTAETCS C
MOMOIIbI0 €r0 MHOTOKPATHOTO MOBTOPEHHUS, MPU KOTOPOM HOPMHUPOBAHHBIM
BBIXOJHOM CHUTHAJ MPEABIAYIIETO OIbITAa UCIONb3YETCS B KAYECTBE BXOJHOIO
CUTHaJja JJIsl CIETYIOLIETO.

Taxoil uTepallnOHHBIN Mporecc OyAET CXOAUTHCS K TJIaBHOW COOCTBEHHOM
(GbyHKUMU raHKeneBa ornepaTopa fi(¢), oTBevyaroled MaKCuMaaIbHOMY 110 MOAYJTIO
co0cTBeHHOMY yHcity. CTpyKTypHas peaiu3alus Takod WTEpallMOHHOMN Mpolie-
nypsl wimoctpupyercsa puc. 3.2.1, tne BHO obecneunBaeTr OTCTpONKY OT yxke
HalJIeHHBIX cOoOCTBeHHBIX (yHKIui. [locie ompenenenus fi(¢) Bce mocienyro-
e coOCTBEHHbIE (PYHKIIMU MOTYT OBITh HailIeHbl C MOMOIIBIO 3TOM CXEMBI.
AnanornyHas cxema I HaXOXICHUS TaHKEJIEBBIX CHHTYJISAPHBIX (DYHKIMI

CUCTCMBbI C HCCKOJIbKMMH BXOJaMHU U BbIXOJAaMHU IIPUBCACHA HA PHUC. 3.2.2.

i tl l | fg l

| l |V' l T !Z
BEHO %ﬁg b vy Q(p) | b ever Q () :
|

Puc. 3.2.2. Cxema Ji71s1 HAX0XK/I€HHS TAHKEJIEBBbIX CUHTYJISIPHBIX (PYHKIUH.
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Cxema WILTIOCTPUPYET UTEPAITMOHHYIO TIPOIEAYPY HaXO0XKICHHS MPABBIX U
JICBBIX CHHTYJISIPHBIX (YHKIIMHA TaHKeleBa omeparopa, T. €. ¢yHkuuid Ri(f) u
Si(?), ynoBineTBopsifomux ypasrenuo (3.1.4) . Uepes Q'(p) Ha Heil 0603Ha4YeHA
nepenaTouHast GYHKIMS TyalbHO CHCTEMBL, a depe3 I — COIpPSIKCHHBIN TaHKe-
neB omepatop. K coxkanenuro, 3Ta cxema HE MOXKET OBITh HEMOCPEICTBEHHO
MPUMEHEHA JIJI DKCIIEPUMEHTAIBLHOTO ONPECIICHIS TaHKEJICBBIX CHHTYIISIPHBIX
YHKIHIT H3-3a HANMYKS B HEl COMPSDKEHHOTO oreparopa I .

2. Peanmzarusi conpspKeHHOTO TaHKeneBa omeparopa. UToObl BBISCHUTH
CTPYKTYPY COMNPSDKEHHOTO OTIepaTopa, BOCIOIB3yeMCsl KIacCHUECKOH (opMy-
noit st ero onpexenerust (I u, v)=(u, I V), KOTOpasi B HALIEM CIIy4ae MOXKET

OBITH 3aIlMCaHa B BHUAC

f(ru(zf))T v(t)dt = Jlu(z‘)T Iv(t)de. (3.2.2)

[ToacTaBnsst B ieByt0 4yacTh BMecTO / u BeipakeHue (3.2.1), moxydaem

T, T T T,
j [Ce™ j e Bu(t)dt]" v(r)dt = j u(t)' BTt j A 'CTv()dedr.
0 0 0 0

W3 cpaBHEHUs 3TOr0 BBIPAKEHUS C MPaBod 4yacTbio Gopmyibl (3.2.2) BbI-
(V) %k
TEKaeT, 4TO CONpsHKeHHBIN TankeneB onepatop I cuctemsl (3.1.1) coBmanaer ¢

I'aHKCJICBBIM OIICPATOPOM HyaHBHOﬁ CHUCTCMBI

L) =A"C(@) + Cv(r), z(t)=B'L(), (3.2.3)

y KOTOpOﬁ HHTCPBAJIbI YIIPABJICHUA H Ha6JIIOI[eHI/ISI COOTBCTCTBCHHO pPABHBI

(-T,,0) u (0, T)), T.e. NIOMEHUIUCHh MECTAMU IO CPABHEHUIO C UCXOAHOM CHC-
TEMOM.
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[lepenarounas pyukmus cucreMsl (3.2.3) paBHa TPaHCIIOHUPOBAHHOM TIe-
penatounoit pyukuun Q'(p) ucxomuoit cucremsl (3.1.1). DTo MPUBOIUT K U30-
OpaxkeHHOU Ha puc. 4.2.2 CTPYKTYpHOI pean3alii CONPS>KEHHOI0 raHKeJleBa
orepatopa /. J[jisi TOro 4TO6BI 3Ty CXeMy MOYKHO GBLIO IPUMEHHT HA IPAKTH-
K€, HY’)KHO HalTu crocod MOJEIMPOBAHUS TyaJIbHOM CUCTEMBI C MOMOIIbBIO HC-
XOJHOUM CUCTEMBI (€€ MaTeMaTHYEeCKOe OMUCaHUE MO-TIPEKHEMY CUHTAETCS He-
n3BeCTHbIM). OH JIOJDKEH MO3BOJISITh, MPOU3BOS HEKOTOPBIE SKCIEPUMEHTHI C
UCXOJHOM CHUCTEMOH, HAaXOJIWUTh PEAKIHUIO AYyalbHON CHUCTEMbl Ha 3aJaHHBIC
BXOJIHbIE CUTHAJIBI.

[TokaxkeM, 4TO 3TO BO3MOXHO, U MPHUBEJAEM OMHCAHHE TAKOrO CIocoda.
ConoctaBum ucxonnoit cucreme (3.1.1) maTpuuHyto nepeaaToyHyro (QpyHKIIHIO
Q(p) pasmepa s xr c snemenTamu Q;(p). Torna gyanpHOH cucTeMe OyIeT COOT-
BETCTBOBATh TPAHCIOHMPOBAHHAS MAaTpUuHas mepenarodnas (ynkuus Q'(p)
pasmepoM r x s ¢ aneMenTamu Q;(p). Ilepenarounas QyHKIMs OT i-ro BX0oAa 10
J-TO BBIXOJ]a UCXOJIHOM CUCTEMbI OyAEeT paBHa NEPeNaTOYHON (PYHKIMHU OT j-TO
BXOJ1a J0 i-I'0 BBIXOJA 1yaJIbHOU CUCTEMBI.

[IyTs MOmenupoBaHuUsl TyaJIbHOM CHUCTEMBbI TAKOB: MYCThb TpeOyeTcs Mo-
ny4uth peakuuto z(1)=[z\(?), ... , z{(#)]" DyanbHOI CHCTEMBI Ha BXOIHOI CHUIHAI

vIO=[Vi(2), ..., v(O)]": 2(1)=Q"(p) v(¢) mnu B Gonee mOAPOGHOIL 3amHCH

z() =90V + v, () +..+ O, (v, (1), i=Ln. (3.2.4)

[lonas curnan v(¢) (mepByl0 KOMIIOHEHTY BeKTopa V(f)) Ha i-il BXOJ HUC-
XOJIHOM CHUCTEMBI, IIOTY4YHM Ha €€ NMEPBOM BbIXxonae curHan Q, v, (f), Moj1aB CHUI-
Hall V,(f) Ha TOT K€ BXOJ, MOJXY4YMM Ha BTOPOM BbIXoze curHan Q,v,(f) u T.A.

CYMMa 9THX CHUTHAJIOB A1aCT HaM Zi(f). Curnan Bo3MOKHO BBIYUCIINTB, HO HC U3-

MCPUTHh HCIIOCPCACTBCHHO HA BBIXOJC o0bekTa. BeimoaHus AHAJIOTHYHYIO IIPO-

Heaypy Uil Kaxxaoro i =1,n, HaliileM Bce KOMIIOHEHThI KCKOMOT'O BeKTopa Z(f).
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HazoBeMm 3Ty nocnenoBaTebHOCTb JEUCTBUM OYaibHbIM 9KCNEPUMEHNOM.
Ero crpykrypHasa peanuzauus, comepxamas nepexmtodarenu 11, I, 15, Iy u

HaKaIuIMBaIOIIUK CyMMaTop, loKa3aHa Ha puc. 3.2.3.

1 1 1 1
2 PR 2
Oo—0
Cucrema % ¥
! ]:[3 H4
E—] O—-=>0
5 5 r

Puc. 3.2.3. CTpyKTypHas peanu3anus 1yalbHOTO SKCIEPUMEHTA.

[Tepexmtouarenu 11, 11s u I, I14 ABUXKYTCS CUHXPOHHO. B HCXOMHOM 110-
noxenuu I1,, 1, HaxoxsTcs B BepxHeMm nojoxkeHuu, I1;, I1; mpoberaroT Bce mo-
JIOKEHUSI, TIOJIYYEHHBIE PE3yIbTaThl CYMMUPYIOTCS, B PE3YJIbTATE YETO OMpese-
nsieTcs Beu4rHa z1(f).

ITepexmtouartenu I, [1; mepeBoaATCS BO BTOPOE MOJIOKEHUE, BCS MPOIIE-
Jypa MOBTOPSIETCS, B PEe3yJIbTaTe YETO OMPEACIISICTCSl BEIUUNHA Z5(1) U T.I.

JlyanbHBIN 3KCHEPUMEHT II03BOJISIET, MPOBEAS KOHEUYHOE YUCIO N=rxs
AKCIIEPUMEHTOB C MUCXOJHOM CUCTEMOM, HANTH PEAKIUIO 1YaIbHON CUCTEMBI HA
mro00e Harepe] 3a1aHHOE BXOTHOE BO3JICHCTBUE.

3. TlonydeHue TaHKENEBBIX CHUHTYJSIpHBIX (GyHKIUNA. Bocmonb3yemcs
OMHUCAHHBIM CIIOCOOOM JJISl TOTO, YTOOBI OMPEETUTh BHIXOIHBIC CUTHAIIBI 0JI0Ka
Q'(p) B cxeme, H306pakeHHON Ha puc. 4.2.2. DTO JaeT BOSMOKHOCTb OCYIIECT-
BUTH €€ DKCIEPUMEHTAJIbHYIO pealnu3alyio, UMesi B paCOPSKEHUN €IUHUYHbBIN
AK3EMIUISIP UCCIIEIYEMON CUCTEMBI, C KOTOPHIM CHayajia MpPOBOJUTCS TaHKEJIEB,

a 3aTcM HyaHBHBIﬁ OKCIICPUMCHT.
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[Ipomyckasi moiayyaeMblii BBIXOJAHOW CHUTHAJN uyepe3 OJIOK HOpMallu3aluu
BHO wu moBTOpSIs T€ K€ IKCIMEPUMEHTHI, TPUXOIUM K UTEPAIIMOHHON TPOIIETY-
pe, KoTopasi cxoauTes K Makcumusupyroiieit nmape [lmuara Ry(7), Si(7).

Bonee noapoGHOe onrcanue 3TOM MPOILeaYPhl CBOJUTCS K CIEAYIOLIEMY.

Z.06 1 (maunmanuzanusi). 3a1aTh JIUTEILHOCTH HHTEPBAJIOB YIIPABICHUS
u Habmonenus T, T,; yka3aTh 4KMCIIO BXOJOB 7 M BBIXOJIOB § 00BEKTa; YCTaHO-
BUTH HAYalIbHYIO BEKTOPHYIO GyHKIHIO u(f) = [u1(0), ..., u,(1)]", 0<t<T;.

Z.06 2 (rankeneB skcniepuMeHT). OnpenenuTh BEKTOPHYIO (QYHKITUIO (1),
0<t<T,, mytem B0O30yXJeHUs peanbHOro o0bekTa Ha untepBaie (-1, 0) ¢pyHK-
nuei u(z), pa3sBepHyTON BO BPEMEHH, U PETUCTPAIIMK €r0 BbIXOJ0B HAa MHTEpBa-
ae (0, T»).

Z06 3 (nyanbHbId 3KcriepuMeHT). OnpenenuTb BEKTOPHYIO (YHKIUHUIO
Z(?), 0<¢<T),, myTeM MOOYEPEeAHON MOIaul KOMIIOHEHT BEKTOPHOU (yHKINH V(7),
pa3BepHYTOM BO BPEMEHH, Ha KaXblil U3 BXOJAOB PEAIbHOIO O0BEKTAa U CYMMHU-
pOBaHUEM €ro peakiuii, monydeHHbIx Ha unrepnaie (0, T;), cormacHo dhopmye
(3.2.4).

Z.06 4 (HopMUpOBKa U Tepexoj K cienaytouieid urepanuu). [IpucBouTh

HOBOE 3HauUeHHe QPyHKuuu u(¢)=2z(t)/ Hz(t)” Y MIEPENTH K mary 2.

VYcnoBueM OKOHYaHUSI UTEPALIMOHHON MPOUEAYPhl MOXKET CIYXHUTh ONu-
30CTh BEKTOPHBIX (DYHKIMH u(?), MOIYyYEHHBIX HA COCETHUX UTEepaALIUsX.

OuHaNbHbIE 3HAUYECHUS BEKTOPHBIX QYHKUMHA u(f), v(f) cayXaT oleHKaMu
(c 3amaHHOMN CTEMEHbIO TOYHOCTH) TJIABHBIX CUHTYJISIPHBIX (QYHKIMI raHKeJIeBa
oneparopa R(¢), Si(¢) (mMakcummsupytomeir mnapsl IllmMuara), a HopMma

HV(t)H — OLICHKOM IJIaBHOTO CUHTYJISIPHOIO YKCTa G| 00BEKTa.

[Ipu OTBICKAaHUM OCTAJIBHBIX TAHKEJIEBBIX CUHTYJISIPHBIX YKceN U (DYHKITUN
aJITOPUTM CJEAYET IOIMOJHUTh MPOUEAYpor opToroHanu3zauuu I pama—IlImunara
JUISL OTCTPOMKHU OT YK€ HaWJACHHBIX CUHTYJISPHBIX GyHKIMN. C 1eNblo yaydiie-
HUS CXOJMMOCTH aJIfOPUTMa B Cllydae OJIM3KUX CUHTYJISIPHBIX YHCEJT MOTYT HC-

IMOJIb30BATHCs PA3JIMIHBIC CTO MOI[I/I(l)I/IKaLII/II/I.
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JI71s1 OMHOCBSI3HBIX CUCTEM AJTOPUTM YIIPOUIAETCS, MOCKOJIbKY aru 2 u 3
OyIyT OTJIMYATHCA TOJBKO JAJTUTEIBHOCTSIMU BXO/I-BBIXOAHBIX HHTEPBAJIOB.

[Ipr OTCYTCTBUM paBHBIX MO MOJYJIO CHUHTYJISPHBIX YHCEN (IUM-METO[
MO3BOJISIET HAWUTHU MOJHBIA HAOOP JIEBBIX U MPABBIX CUHTYISPHBIX PYHKIUN raH-
KeJieBa orepaTopa JJisd 00X (YCTOMYMUBBIX U HEYCTOMYMBBIX) JTUHEHHBIX CHUC-
TEM MpH JIFOOBIX KOHEUHBIX JITTUTENBHOCTAX HHTEpBasoB T, Th.

[Ipy HanMUUK KPATHBIX WM PABHBIX 110 MOJYJIIO CUHTYJISIPHBIX YHCEI CO-
OTBETCTBYIOIIME UM TaHKEJIEBbl CUHTYJISIpHbIE (DYHKIIUU OMPENENsIOTCs C TOY-
HOCTBIO /10 UX JIMHEHHBIX KOMOWHALIUNA U MOTYT Jlajiee YTOUHSATHCS MyTeM CIie-
UATBHBIX YKCIIEPUMEHTOB.

Meron npenmosaraer CTpyKTypHYIO peaju3alyio raHKeJIeBa ornepaTopa B
BUJIE MIOCJIE0BATEIBHOIO COEUHEHMS (DIUMI-ONIEpaTOpa U UCCIEYEMOM CHUCTe-
MbI (puc. 3.2.1) U CTPYKTYpHYIO pealli3aliio COMPs)KEHHOTO raHKeleBa onepa-
TOpa B BHUJE IOCJIEJOBATEIBLHOIO COEIMHEHHUs (IUM-OIepaTopa U IyalbHON
cuctemsbl (puc. 3.2.2), mojiydeHHe peakiMu AyalbHOM CHCTEMBbl Ha 3a/JaHHBIN
BXOJIHOM CHTHaj IyTEM 3KCIEPUMEHTOB C HCXOJIHOHN cuctemoi (puc. 3.2.3).
OmnpeneneHHbIM HEJOCTaTKOM OIMCAaHHOTO crocofa sBisieTcs 0oJIbIIoe KOJIU-
YEeCTBO HKCIIEPUMEHTOB, KOTOPOE TPeOyeTcs MPOBECTH C OOBEKTOM AJIs OIIpeie-
JICHUS! TaHKEJIEBbIX CUHTYJISIpHBIX GyHKuMi. Hanmpumep, 1st o0bekTa yeTBepTo-
ro MOpsJKa C IByMsl BXOJaMU M TPEMs BBIXOJIaMH Ha KakKIOW UTepauuu Tpedy-
€TCS BBIIIOJHUTHh CEMb SKCIIEPUMEHTOB, T.€. IIPU CpeHEM unciie utepanuii 5—10
JUIsL OTIpeNIeTICHUs] YeThlpeX raHkeneBbix GyHKuuii noHamooutcs 140-280 skc-
NEePUMEHTOB. B cHUly OTMEUEHHBIX MPUYUH MPUMEHEHUE OMUCAHHOTO MOAXO0/Aa
OTpaHUYMUBAETCS MPWIOKEHUSMHU, TAE JUIMTEIbHOCTh SKCIIEPUMEHTOB CpPaBHH-
TEJIbHO HEBEJIMKA U UMEETCS] BOBMOKHOCTh UX aBTOMAaTU3ALUU.

B 10 )€ Bpems BO3MOXHOCTb CTPYKTYPHOUM peanu3alvi TaHKEJIeBa Olle-
paTtopa U CONpsKEHHOI0 TaHKEeJIeBa OIlepaTopa UMEET LIEHHOCTh cama 1o cebe u

HE CBOAUTCS K UCTOJIb30BAHUIO B ONMMMCAHHOW UTEPAIMOHHOM MTPOLETYPE.

72



3.3. PacipocTpanenue (Jinn-MeToAa HA IPyrue onepaTopbl

Omneparop cBepTKM Ha KOHeuyHOM HHTepBaine Bpemenu (0, T) He umeet
coOcTBeHHbIX (YHKIMI. B TO ke Bpems, y HEro CymecTBYIOT CUHTYJSPHBIC
(GyHKUMH, KOTOPBIE ONPEESIOTCS KaK COOCTBEHHBbIE (DYHKIIMHM MPOU3BEIACHUS
S'S, rme S — omeparop, COMPSHKEHHBIHN 110 OTHOMICHHIO K OIEPaTOpPy CBEPTKH.

OH nipeacTaBiseT co00i onepaTop CBEPTKU CONMPSIKEHHON CUCTEMBI

—{()=A"g(n) +Cv),

(3.3.1)
z(1) =B'§(1),

rae v(t), z(t) — BXOJIHOM M BBIXOJHOW CKaJIIPHbIE CUTHAJIbI, HAYaJIbHOE YCIOBHE

3aBUCUT OT BHJAa BXOAHOrO cHUTHana w(f) u ompenensercs (Hopmysoit

T
£0) = —JeAT’ C"v(t)dt, xoneunoe 3nauenue §(T)=0. MHTEerpambpHoe omucaHme
0

z2(t) =S v(t)= z, + jq*(t —7)v(r)dr, (3.3.2)

* Tr_ o
rae ¢ (1) = B'e* "C" — umnynscHas BecoBas (yHKIMS CONMPSIKEHHOM cHCTe-

Mmbl. HauanbHOe 3HaueHue z, paccuutbiBaetTcsa u3 ycioBus z(T)=0 u paBHO
T

Z, =—Jq(z‘)v(z‘)dz‘. Jlnst ckanspHbIX cucteM crupaBeinBo ¢ (1)=q(T— t). Ilepe-
0

X0/ B ypaBHeHUsX (3.3.1) kK 0OpaTHOMY BpeMeHU t=1—, moJy4aem:

{(t)=A"g(r) + CMv(1),

(3.3.3)
z(1) =B"(x).

OMNHCAHHIO COOTBETCTBYET mepenarounas pynkmms Q' (p)=[C(pE-A) 'B]".
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U3 comocranerus cucteM (3.3.1) u (3.3.3) BUAHO, 4TO OIepaTop S COB-
najaeT ¢ ormepaTopoM CBEpTKH AyanbHOU cucteMsl (3.3.3), paccMaTpuBaeMoil B
oOpatHOM BpemeHH. OTcro/a cleayeT, YTo sl OMyUeHUS] PEaKIluu COTPSIKEH-
HOTO OIlepaTopa Ha BXOJHOW CUTHAI V(f) HY’)KHO TI0JIaTh 3TOT CHTHAJ, pa3BEPHYB
€ro BO BPEMCHHM, Ha BXOJ TyaJIbHOH CHCTEMBI, U PE3yJbTaT BHOBb Pa3BEPHYTH
BO BPEMCHH.

CooTBeTcTBYyIOIIAs CTPYKTYPHAS peanu3anus nosicasercs puc. 3.3.1.

1o i —— Q'(p) ——— b

onepaTop S* J

Puc. 3.3.1. CTpyKTypHas peain3anus CONPsKEHHOTO OMepaTopa.

Yepes "¢aun" Ha 3TOM prCYHKE 0003Ha4Y€H OJIOK, BHIMOJIHSIOMIUNA peBep-
cUpoBaHUE (pa3BOPOT) CUTHAJIA BO BPEMEHH OTHOCUTEIBHO CEpeMHbI HHTEpBa-
na (0, T), T.e. mepexox ot curHana v (¢) k curnany v(T—¢). B koHeuHoM uTore,
IUTSL Pealn3aIii COMPSDKCHHON CHCTEMBI S MOXKET OBITh IPAKTUYECKH 0€3 M3-
MEHEHHUU HCIOJIb30BaH CTPYKTYPHBIN MOAXO0/A, OCOOCHHOCTH KOTOPOTO, CBSI3aH-
HBIC C MOJICTMPOBAHUEM AYaTbHOW CHCTEMBI, U3JI0KECHBI B TIPEIBIIYIIEM pa3/ie-
ne. JITs OIHOCBSI3HBIX CHCTEM TIOCIEI0BATEIFHOE COSANHEHHE S 1 S B KOJBIIE
MO>KHO 3aMEHHUTh, KaK BUJHO U3 CTPYKTYPHOU pean3aliiil COMPSKEHHOTO Olle-

paTopa, TBOMHBIM IIUKJIOM S ¢ peBepcoM ((umom).
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OKCHEepUMEHT MO HAXOXKJEHUIO TJIABHOW CUHTYISIpPHOM (PYyHKUHMHU Olepa-
TOpa CBEPTKH YIPOIIAETCS HACTOJIBKO, YTO 3aCTYKUBAET OTAEIBbHOTO OMUCAHUSI.

Z.06 1 (uaunmanu3zanus). 3aaaTh JIUTEIHBHOCTh UHTEPBAJIA YIIPABICHUS
u HaOmoneHus T; ycTaHOBUTH HadyalbHYIO CKaJsipHYyIO QyHkimio u(f), 0<t<T, B
KauecTBE MEPBOT0 NPUOIMKEHUS MOXKHO HCIIOJIb30BaTh Pa3BEpPHYTHIE BO Bpe-
MEHHU UMITYJIbCHYIO BECOBYIO WJIHM NMEPEXOHYIO (DYHKIIMH.

Z.06 2 (’3xcniepuMeHT cBepTkH). OnpeaenuTh CKaIIpHY0 GYHKIHUIO 1(1),
0</<T, myTeM BO30YXIEHUS pearbHOro 00bekTa QyHKIMEH u(f) U perucrpauuu
€ro BbIXOJa Ha 3aJJaHHOM MHTEpBaJe.

Z06 3 (pmum). PeBepcupoBaTh (pa3BepHyTh) BBIXOJHOW CUTHAI BO Bpe-
MEHHU OTHOCHUTENBHO cepeauubl uHTepBana (0, T), T. e. mepelTH OT curHaia
V() x curHany z(f) = y(T—).

Z.06 4 (HopMUpOBKa U Tepexoj K cienaytouieid urepanuu). [IpucBouTh

HOBOE 3HauUeHHe QPyHKUuU u(t) = z(t)/ Hz(t)” Y MIEPENTH K mary 2.

YcnoBueM OKOHYAHUS WUTEPAIMOHHOW MPOILEAYpPHI, BEAYIIEH K YCTaHOB-
JICHUIO TJIABHOW CHUHTYJSIPHOW (PYHKIIMM OrepaTtopa CBEPTKU, MOXKET CIYKUTh
0JIM30CTh OIICHOK u(f), TOJIYYEHHBIX Ha COCETHUX UTEPALTUSIX.

OTMeTuM, YTO HMCKOMAas TJIaBHAs CUHTYJsIpHAs (QYHKIHUS TPEACTaBiIseT
co0oli pelieHrue HeTPUBUAIBLHON BapHAllMOHHOW 3aJlauyd MO OTHICKAHHUIO BXOJ-
HOTO BO3JEHUCTBUSI C€IMHUYHOW »HEpruu, 3ajanHoro Ha uHtepBaie (0, T), npu-
BOJISIIETO K TOJIYYEHHUIO BBIXOJHOTO CUTHAJIa MaKCUMAaJIbHOW YHEPTUM HA TOM
*e uHtepBaie. OueBUAHO, 4TO Mpu T—> o0 peleHreM dToH 3a1auu OyAeT rap-
MOHUYECKHI CHUTHAJ, 9acTOTa KOTOPOT'0 COOTBETCTBYeT Makcumymy AUX cuc-
TEeMbI, OJJHAKO Ha KOHEYHOM HHTepBayie (opMa ONTUMAIBHOIO CUTHATa MOXKET
OKa3bIBaThCA JTOCTATOYHO CII0KHOM.

B03MOXXHOCTH aHATUTHUYECKUX METOJOB PEIICHUs YKa3aHHOW ONTHMU3a-
IIMOHHOM 3aJlaud BEChMa OTrPAHMYCHBI, IMOATOMY MPEIJIOKEHHAs MPOoIEeaypa

MOKCT paCcCMaTPUBATHCA KaK 3(1)(1)CKTI/IBHBIﬁ YHMCJICHHBIN METOI €C PCHICHUS.

75



JJist mostydeHusi BTOPOW M MOCJEAYIOIUX CUHTYJISPHBIX (PYHKIUN orepa-
TOpa CBEPTKHU aJITOPUTM, KaK U paHee, cleyeT TONOJHUTh 3TallOM OPTOrOHAJIM-
3auuu I'pama—IlIMuara i OTCTPOMKM OT YK€ HAWACHHBIX CHUHIYJSIPHBIX
GbyHKIUI. DTO MO3BOJISAET HANTH JTF000E TpebyeMoe Yucio 3TUuX (HYHKIUH.

ANropUT™M OTBICKaHHUS TJaBHOM CHHTYJISApHON (yHKIMM omeparopa
CBEPTKM MHOTOMEPHBIX CHUCTEM OTJIMYAETCS HCIOJb30BAHUEM CTPYKTYPHOM
peanu3anuu AyajabHOr0 0OBEKTA U BBITVISIUT CIACAYIOIUM 00pa3oM.

Z06 1 (uaunumanuzanus). 3a1ath JIUTEIbHOCTh UHTEPBAJA YIPABICHHUS
u HaOmonenus T; yka3zaThb YUCIIO BXOJOB 7 U BBIXOJOB S 00BEKTA; YCTAHOBUTD
HaYyaJIbHYI0 BEKTOpHYIO GyHKIHUIO u(?), 0</<T, B kauecTBe mepBOro mpuodInKe-
HUSL MOYKHO MCIIOJIb30BaTh CTYNEHYAThIE (PYHKIIUU.

Z.06 2 (3xcriepuMeHT cBepTkH). Onpenenutb BEKTOpHYIO QYyHKIUWO y(7),
0</<T, myreM BO30YXJI€HUS peaJbHOr0 OOBEKTa BEKTOPHON (QyHKIMEH u(f) u
pErucTpanuu ero BbIXo/a Ha 3aJJaHHOM MHTEpBaJIe.

Z06 3 (ayanpHbI SKCIIEpUMEHT CBEpTKH). OmpenenuTbh BEKTOPHYIO
¢byakuuto z(f), 0<t<T, myreM moodepeaHON MOJaUYN KOMIIOHEHT BEKTOPHOM
¢byHkuuu y(f), pa3BepHYTOM BO BpPEMEHH, HAa KaXKIblil M3 BXOJOB PEAJbHOI0
00BbEKTa MU CYMMHUPOBAHUEM €T0 peakiuii corinacHo Gopmyse (3.4); B 3aBepiiie-
HUE CyMMapHbI CUTHAJ pa3BEpPHYTh BO BPEMEHH OTHOCHUTENIBHO CEpeJMHbI 3a-
JaHHOTO MHTepBana (Quumn).

Z.06 4 (HopMUpOBKa U Tepexoj K cienaytonieid urepanuu). [IpucBouTh

HOBOE 3HaueHHue QPyHKIuuU u(f) = z(t) /HZ(t)H Y MIEPENTH K mary 2.

VYcinoBueM OKOHYAHUS HTCpaHHOHHOﬁ npoucaypbl YCTAHOBJICHHA TJIaB-
HOH CI/IHFYJIHpHOﬁ (I)YHKI_II/II/I orcparopa CBCPTKH MHOI'OCBSI3HOM CHUCTEMBI MO-

KET CIYKUTb OJM30CTh OLEHOK — BEKTOPHBIX (PYHKIUHU u(f), MOJYYEHHBIX Ha

cocenHux urepanuax. Hopma HZ(t)H CIY>KUT OLICHKOM KBaJpara TJIaBHOT'O CHH-

T'YJSIPHOTO YUCJIA.
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PaccMmoTpuM cuMMeETpUYHYIO YacTh S, orneparopa cBepTku. OHa ompene-
nsieTcst popMyioit S; =(S+S)/2, KOTOpas MMEET CMBICI TONBKO ISl CHCTEM C
pPaBHBIM YHCIIOM BXOJIOB M BBIXOJIOB (TaK Ha3bIBAEMBIX square systems).

MarpuuHoe ommcaHue omneparopa S; Mojly4aeMm, paccMaTpuBas Mapai-

nenpHOE coenuHenue cucteMm (3.1.1) u (3.3.1)

X(l‘) _ A OT x(?) N BT u(o):

) \0 —-A AL@)) (-C

BT) x() ’
&)

OTMeTI/IM, 4dTO 9TO — OIICpaTOp € HCHYJICBBIMU KpPACBBIMHU YCIIOBHUAMU

y,(H)=05(C x(0)=4(T) =0, 0<¢<T.

€(0), x(T). Ero unrerpanbHoe onucaHue MojydaeTcsa CyMMUpoBaHueM hopmyi

(3.1.2), (3.3.2) u umeer BU
t
. ()=Su®=y,+[q,(¢-Du(®d, 0<I<T,
0

rae q-(9)=0,5(q(t)+q(T—¢)) — cuMMeTpUUHasT YaCTh UMITYJILCHON XapaKTePHUCTH-
K cucTeMbl. OHA TMOTy4YaeTCs MyTeM CIIOKEHUS MMITYJIbCHOW XapaKTePUCTUKH
CO CBOMM 3€pPKaJIBHBIM OTPaKEHUEM OTHOCHTEIBHO CEPEIUHBI BPEMEHHOTO HH-

tepaia (0, T). HauanbHoe 3HaueHue Yy, omnpeaensercs Qopmynoit
T

¥o=-05[q() u() dr.
0

IlockonpKky omepaTop S+ CUMMETPHUYEH, €ro CIEKTP BELIECTBEHHBIN, a
cOOCTBEHHbIE (PYHKLIHUHU OPTOTOHAJIbHBI M COBIMAJAIOT C CUHTYISPHBIMU (DYHK-
uuamu. Onepartop S+ BO3HHMKAET, B YaCTHOCTH, MPU UCCIENOBAHUU ONTHMU3A-
LMOHHOM 3a7a4M JJIsI OHOCBSI3HBIX CUCTEM MO HAXOKAECHUIO BXOJHOTO CUTHAJIa
u(t) €eNMHUYHON SHEPruH, MAaKCUMHU3UPYIOIIETO CKAISIpHOE Mpou3BesieHue (u, )

BXOOHOI'O 1 BBIXOJHOT'O CUTHAJIOB HA 3aJaHHOM HMHTCPBAJIC BPCMCHU.
77



ITonpITKa aHAIUTUYECKOTO PEIICHUS PUBOJUT K JBYXTOUECUHOW I'paHUY-
HOM 3aJaye, 4To, BO-IIEPBBIX, COMPSKEHO C U3BECTHBIMU TPYIHOCTAMH, U BO-
BTOPBIX, TPEOYET 3HAHUS MAaTEMaTUYECKOro onucaHusi oobekra. Vcnonap3oBanue
(baun-mMeToa MO3BOSET HAWTH yKa3aHHble (DYHKIMH TyTeM HMTEPAlMOHHBIX
HKCIIEPUMEHTOB, BHIMOJIHAEMBIX C PEAIbHBIM 00OBEKTOM.

3aMeTHM, 4TO TaKOW MOJXOJ MOXKET OKa3aTbCsd YJOOHBIM U MPHU HU3BECT-
HOM MaTE€MaTHYECKOM OMMCAHUM, OCKOJbKY MO3BOJIIET U30€XKaTh MPOLEAYPHI
pelIeHns IByXTOYEYHON TpaHUYHOM 3a1aun. VcxoqHas cxema WTEpallMOHHOIO
AKCIIEPUMEHTA Il HaXOXKJEeHUs COOCTBEHHBIX (DYHKIMI omeparopa S; mpea-

cTaBlieHa Ha puc. 3.3.2.

—i> BHO

E > (b — QT(p) — rmn

. omeparop S,

Puc. 3.3.2. DkcriepuMeHT AJi HaXOKJIEHUSI COOCTBEHHBIX (DYHKIIUMA

Ha stom pucynke, kak u panee, bBHO — 610k HOpMmanu3aiuu u (eciu He-
00Xx0MMO0) opToroHanu3anuu, Gaum — 670K, 00eCTIeUNBAIOIINM TTOTyUYCHHE T1e-
PEBEPHYTON OTHOCHUTEIHHO CEPEAMHBI BPDEMEHHOTO WHTEpBaja KOMUU BXOJIHOTO
curHaia. I OMHOCBS3HBIX U CHMMETPHUYHBIX CHUCTEM PEaKIUU HCXOIHOTO H
AyaTbHOTO OOBEKTOB HE OTIMYAIOTCA MEXKIy coOoii (oHH "camomyanbHbI"). [s
HUX B PsJIe BOXHBIX CIIy4aeB IJIaBHas COOCTBeHHAs (pyHKIMS 0OJagaeT CHUM-
MeTpuel U pa3BopoT ((hIUM) OTHOCUTETHFHO CepeMHBI HHTEPBAlla HE MCHSICT €€
BUJAa. YUET JaHHOTO OOCTOSATEIHCTBA MO3BOJISIET YIIPOCTUTH CXEMY HTEpAIHOH-

HOT'O SKCIIEPUMEHTA, YCTPAHUB OJHY U3 MapajUleNbHbIX BETBEW HaA puc. 3.3.2.
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Cxema MpUBOJUT K CIEAYIONIEMY UTEPALMIOHHOMY aJTOPUTMY Ompejiese-
HUSL COOCTBEHHBIX QYHKIUNA omeparopa S..

Z06 1 (uaunmanuzanus). 3a1ath JIUTEIbHOCTh UHTEPBAA YIPABICHHUS
u HaOmoaeHus T; yka3aTh 4MCIIO BXOJIOB U BBIXOJIOB 7 = § O0OBEKTA; YCTAHOBUTD
HavyaJIbHYI0 BEKTOpHYIO (yHKIMIO u(?), 0<t <T, B KauecTBe NepBOro MpuoOInKe-
HUSL MOYKHO MCIIOJIb30BaTh CTYNEHYAThIE (PYHKIUU.

Z.06 2 (3xcriepuMeHT cBepTkH). OnpenenuTb BEKTOpHYO QyHKIUWO y(7),
0</<T, myreM BO30YXJI€HUS peaJbHOr0 OOBEKTa BEKTOPHON (QyHKIUEH u(f) u
perucrpanuei ero peakiuy Ha 3aJlJaHHOM MHTEpBaJIe.

Z06 3 (cummerpupoBanue). OnpenenuTs BEKTOPHYIO (GyHKIuio z(¢),
0<t<T, myTeM CJIOXXEeHHS peakuuu y(f) U €€ 3epKajIbHOI0 OTPAKEHHUS OTHOCH-
TeIbHO cepeaunbl nHTepBana y(T— 7).

Z.06 4 (HopMUpOBKa U Tepexoj K cienaytouieid urepanuu). [IpucBouTh

HOBOE 3HaueHHue QPyHKuuu u(f) = z(t) /HZ(t)H Y MIEPENTH K mary 2.

VYcnoBueM OKOHYaHHS WTEPALMOHHOW MPOLEAYpPhl YCTAaHOBJICHHS TJIaB-
HOM coOcTBeHHOM (DYyHKIMM ornepaTopa S+ MHOTOCBA3HOM CHCTEMBI MOXET CIIy-
KUTh OJU30CTh BEKTOPHBIX (PYHKIUN U(f), MOTYYEHHBIX HA COCEHUX UTEpalu-

ax. Hopma Hz(t)” CJIy’)KUT OLIEHKOM I'JTABHOTO COOCTBEHHOI'O YHCIIA.

Taxum 00pa3oM, B JaHHOM cilydae UCIOJb30BaHUE (IIMII-METO/a MO3BO-
JSIeT AKCIEPUMEHTAIbHO OTBICKMBATH COOCTBEHHBIE (DYHKIIMM CHUMMETPUYHOM
4acTH OIlepaTopa CBEPTKHU.

AHanornyHsiM 00pa3zoM (GIUN-MeTon MOXKET ObITh IPUMEHEH JJII HaxXo-
KJICHUSI CUHTYJISIPHBIX (YHKIIMH OMEepaToOpoOB YIPaBIsIEMOCTH, HaOII0JaeMOCTH
U JPYTUX ONEpaTOpPOB, CBA3aHHBIX C JIMHEMHBIMU CUCTEMaMU.

bonee TOoro, HeT BUAMMBIX MPENSATCTBUM JJIsI NPUMEHEHUS €r0 K HEJH-
HEHWHBIM CHUCTEMaM, JUJISi KOTOPBIX TAKXKE MOTYT ObITh OPraHM30BaHbl UTEpAIlU-

OHHbIE (IUN-TPOIEAYPHI.
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3.4. IlIpuMepbl NpUMEHEHUS (JIUN-METOAA

[Ipumep 1. Haiinem cunrysnsipHbie (yHKIMU TaHKeJEBa orepaTopa, omne-
paropa CBEpTKH U CUMMETPUYHOM YacTH OmepaTropa CBEPTKHU ISl YETBIPEX dJjie-
MEHTApHbIX 3BEHbEB — UHTErPATOPa, YCTOUWUYUBOTO allepUOIUIECKOrO 3BEHA, He-
YCTOMUYMBOIO anepuoJnYecKoro 3B€Ha U KoJeOaTEeIbHOIO 3BEHA C NEepenaTou-

HBIMHU QYHKUIUSIMHU

1
0,01p> +0,05p+1

0Py, Qup)=——, Qxp=——, Oulp) B4.1)
p p-

1
p+1
B pe?)y.HBTaTe HpI/IMeHeHI/IH Q)HHH-MCTOIIEI JJIs1 OHpeI[eHeHI/IH YKaSaHHBIX

CUHTYJISIpHBIX (DyHKIMH, npu T=2 nonydeHsl rpaduku, TpUBEIACHHbBIE HA PUC.

4.4.1.

3 1 1 2 3 12/\3
\\\ L] I \ofon], /

- ‘Tﬁ =

——
N

~
T
N

a) 0) 6)

Puc. 3.4.1. Cunrynspubie GyHKIIUU IS YETBIPEX JIEMEHTAPHBIX 3BEHBCB:

a — TaHKeJeBa orneparopa, 6 — onepaTropa CBEpTKH, ¢ — orepaTopa S;.

OTMeTUM HEKOTOpble OCOOCHHOCTU. ['aHKEJIeBbl CUHTYJISIpPHBIE (DYHKIIUU
(puc. 3.4.1, a) BO Bcex Cirydasix XapakTepU3yrT CBOOOTHOE IBUKEHUE CUCTEMBI,

OTBCUYAIOIICC HCKOTOPBIM CIICIIHAJIBHBIM HAaYaJIbHBIM YCJIOBUSAM.
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Cunrynsipasie pyHKIHMH oriepaTtopa cBepTku (puc. 3.4.1, 6) umeroT BUI
BUJICOMMITYJIBCOB JIJISl allepUOJAMYECKUX CUCTEM WJIM PaJHOUMITYJIbCOB (BUIECO-
HUMITYJIbCOB C BBICOKOYACTOTHBIM 3allOJHEHUEM) JII KOJIeOATEeIbHBIX CHCTEM.
Orubaromasi UMITyJIbca Il HEYCTOMYMBBIX CUCTEM, KaK MPaBUIIO, OKA3bIBAETCS
BOTHYTOM, a i yCTOMYMBBIX — BbINYKJIOW. Cleayer OoTMETUTh CUMMETpUY-
HOCTb WJIM KOCOCMMMETPHUYHOCTb 3THUX TpaUKOB OTHOCUTEIBHO CEpPEIUHBI
BPEMEHHOT0 UHTEPBAJIA.

Bce npuBeneHHble CUHTYISIpHBbIE QYHKUMU OOJaAal0T TEMU WIM UHBIMHU
AKCTpeMalbHBIMU CBOMCTBaMU. B wactHocTH, ecnu ¢yHkuuu puc. 3.4.1, a uc-
MOJIb30BaTh B KaueCcTBE BXOJHBIX CHUTHAJIOB TaHKelieBa OIepaTopa 3BEHBLEB
(3.4.1), pa3BepHyB UX BO BPEMEHU U OTHOPMHUPOBAB, TO IpadUKU BBIXOJIHBIX
CUTHAJIOB TaHKeJieBa JKCIEpUMEHTa OyIyT UMeTh Ty ke (opMmy M 00yanarhb
MaKCUMalbHON sHeprueil (oHa OyneT paBHa KBaJpaTy raHKeJIeBOW HOPMbI CHC-
TeMbl). AHAJIOTUYHO, €CJIM OTHOPMHUPOBaHHbIE KpuBbie puc. 3.4.1, 6 UCnoyib30-
BaTh B KAUECTBE BXOJHBIX CUTHAJIOB OllepaTopa CBEpTKH 3BeHbEB (3.4.1), TO BbI-
XOJHbIE CHUTHAJbl OyIyT MMETh MaKCHUMalbHYIO 3HEpruto (oHa OyaeT paBHa
KBaJIpaTy BTOPO HOPMBI OriepaTopa CBEPTKH).

dopma KakI0ro U3 BBIXOJIHBIX CUTHAJIOB OyAeT coBnagaTh ¢ popMoii co-
OTBETCTBYIOIIETO BXOJIHOTO CUTHAJIA, PA3BEPHYTOI'0 BO BPEMEHH.

Hakoner, eciu B kKauecTBe BXOJIHOT'O CUTHAaJIa ONepaTopa CBEPTKH 3BEHb-
eB (3.4.1) ucnonws3oBath GyHKIIMU puc. 3.4.1, 8, TO BBIXO/IHBIC CUTHAJIBI 3BEHHEB
OyayT B HamOOJbLIEH CTENEHU KOPPEIUPOBAHHBI C BXOJIHBIMU CUTHAJIAMU B
CMBICIIE MaKCUMyMa CKaJIIPHOTO npou3BeneHust GyHkuuii u(t), y(¢), paccmaTpu-
BaeMbIX HA 33JJaHHOM BPEMEHHOM HHTEpBAaJe.

[Tono6HbIE SKCTpEMasbHble CBOWCTBA OyAYT UMETh MECTO U JIJIsl 3BE€HbEB

C IPYTUMH NepeaaTOYHbIMU (PYHKIUSMHU.
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ITpumep 2. PaccMOTpUM TraHKENEB HKCIIEPUMEHT C ABYX3BEHHBIM MasIT-

HUKOM, NU300pakeHHbIM Ha puc. 3.4.2.

7k
/4

W

Puc 3.4.2. JIsyx3BeHHbI MasgTHUK. Puc 3.4.3. UtepaiimoHHbIi nporecc.

OTa cucrteMa B JIMHECHHOM HpI/I6HI/I)KCHI/II/I OIINCBIBACTCA YPAaBHCHHAMU

Buna (3.1.1) c matpunamu

0 1 0 0 0]
_E0sam imy) —k MM s
A= ! [ B=
0 0 0 1] ol’
g g
s 0 —2 % 0
i I I | e
[t ooo0
1o o1 0]

rae g= 9,8 M/c’ — ycKOpeHHe CBOGOIHOTO MaCHHS, m, =m, =0,5 Kr — Maccel
MasiTHUKOB, /= 0,5 M — JIJTMHA KaXJ0T0 U3 3BEHBEB, k =3 — K03 DUIEHT, Xa-
pPaKTepU3yIOUN TpeHHE. YTIpaBiIeHUE MPUKIIAIBIBAETCS K BEpXHEMY MAsSTHHKY,
BBIXOJIHBIMU TIEPEMEHHBIMU )1, V; CIYKaT OTKJIOHEHUSI MasTHUKOB. [Ipu mogaue
CTYNEHYATOTrO BO3JECHCTBUS CHCTEMa OTBEYaeT KoJeOaHUsIMHU, rpadUKu KOTO-
PBIX PETUCTPUPYIOTCS U MOJAIOTCS HA BXOJbI COMPSHKEHHOTO 00bEKTa: TyajbHasl

CHUCTCMaA, B OTIIMYUC OT PICXOJIHOﬁ, HMCCT ABa BXOJda U OOAHUH BBIXO/.
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Peakius cucteMbl HAXOJIUTCS MYTEM JIBYX SKCIIEPUMEHTOB C MoJlauel ma-
pbl  YIPABIAIOMIMX BO3JEUCTBUM MOOYEPETHO HA BXOJ HCXOJHOW CUCTEMBI,
CyMMapHas peakilis MOJICUYUTHIBAETCS CI0KEHUEM KoJIeOaHUN BYX MasiTHUKOB,
pUYeM NepBoe ciaraemMoe GopMUpYeETCsl Kak KojieOaHuEe BEPXHEro MasiTHUKA B
MEPBOM SKCIEPUMEHTE, a BTOPOE — KaK KOJeOaHue HUKHEro MasiTHUKa BO BTO-
poM sKcriepuMenTe. MtepalinoHHBIi Mpoliecc onpeieseHus rIaBHON CUHTYIISp-
HOM (yHKIIHA OnepaTopa CBEPTKH, HAXOAUMOMN (DIIUIT-METOA0M, UILTIOCTPUPYET-
cs puc. 3.4.3. IIpouecc cXoauTcs yKe Ha MATOM UTEPALIHH.

['aHkeneB ’KCHEPUMEHT WILTIOCTpUpyeTcss pucynkamu 3.4.4, 3.4.5. Ha
puc. 3.4.4 noka3aH UTEPAIMOHHBIN MPOIECC ONPEAEIEHUS TJIABHON CHHTYJISP-
HOM (QyHKUIMHU (CXOOUTCS K HUXKHEH KpuBoi). Puc. 3.4.5 moka3bIBaeT peaxiuio

CUCTEMbI Ha UTOTOBBIM BXOIIHOﬁ CHUT'HAJI.

R S

Y\
/\

e \

\v' t C —

Puc 3.4.4. Onpenenenue Puc 3.4.5. Peakuusi cucteMbl

[JIaBHOW CUHTYJISIPHOU (DYHKIIMH.

Jl1s1 000uX pacCMOTPEHHBIX CIY4aeB peakivs CUCTEMBbI Ha BXOJHOE BO3-
NEHUCTBHE OKCTpeMaldbHAa B CMBICIIE JAOCTH)KCHHUS HAWOOJIBIICH COBOKYITHOM
SHEPI'HH BBIXOJHBIX CUTHAJIOB, Irpa)UKu MEXKIY TEM CYIIECTBEHHO Pa3inyaroT-
s, TOCKOJIBKY TaHKEJIEB AKCIIEPUMEHT, B OTJIUYHUE OT IKCIIEPUMEHTA C ONepaTo-
POM CBEpTKH, OOecrieunBaeT Hanbojee YHEPTMUYHOE pacKauWBaHUE MAasSTHUKOB
MOCJIE€ 3aBEPUICHHS MOAAYM BXOAHOTO BO3JECUCTBUS. AMIUIUTY/Ia PacKauyMBalo-

HIEr0 BO3AECHCTBHS BO3PACTAET K KOHIY MHTEPBAJIA YIIPABIICHHUS.
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[Tpumep 3. Oaun-meroa MOXKET MPUMEHSITHCSA KaK JJIsi KOHEYHOMEPHBIX,
TaKk W i1 OECKOHEYHOMEPHBIX cucteM. IIpowmmocTpupyeM 3TO Ha NpUMEpe
OTpeIeNIeHUs] CUHTYJIAPHBIX (DYHKITUN orlepaTopa CBEPTKH U €r0 CUMMETPUYHON
4acTH JUIS y4dacTka razompoBojia (cMm. puc. 3.4.6), Tie B Ka4eCTBE BXOJHOU H
BBIXOJIHOM MEPEMEHHBIX BHICTYNAIOT JaBJICHUE T'a3a HA JIEBOM U MPABOM KOHIIAX

ydacTka, T.e. ipu x =0 u x =L.

0 L X
=

Puc 3.4.6. Cxema yyacTka razonpoBoja

TCOpCTI/I‘ICCKI/I 9Ta CUCTCMa C paCIpPCACIICHHBIMU ITapaMETpaM MOXKCT
OBITH OIIKCaHa YPAaBHCHHUCM TCILJIOIIPOBOAHOCTH BHUIA

5_y:az azy

+u,
ot o0x’

OJIHAKO JIJIsl IpUMEHEHUs (PJIUI-METo/1a 3TO ONMCaHue, BOOOIIE TOBOPs, HE Tpe-
oyercsi. Ha puc. 3.4.7 npuBenensl rpad@uKu UMITYyJIbCHOW U NEPeXOAHONU (DYHK-

UM ydacTka razonpoBoja s a = 1, L=12.

Puc. 3.4.7. ImnynbcHas ¥ nepexoHas XapaKTEPUCTUKH.
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['paduiku cUHTYynsIpHBIX PYHKIUN onepaTopa CBEpTKH, MOJYyUYEHHBIE B pe-
3yJbTaTe 3KCIEPUMEHTOB Il MHTEpBaioB BpemeHu 20 u 60 ¢, mpeacTaBiIeHBbI

Ha puc. 3.4.8.

u T T T T T T T ; u T

Puc. 3.4.8. Cunrynsipubie GyHKIIUU OTIepaTopa CBEPTKHU.

[IyHKTUPHBIMH JIMHUSIMU BBIJICJICHA PEAKIUS CUCTEMbl HAa 3TH (YHKIUU.
Ha puc. 3.4.9 noka3anbl coOCTBeHHbIE (DYHKIMH onepaTopa S; U peakius CHc-

TCMBI Ha BXOJHBIC BOSHCﬁCTBHH B BHJC OTHUX q)YHKHI/Iﬁ

Puc. 3.4.9. CoOGctBenHble GyHKUIMU oniepaTtopa S: U peaklus CUCTEMBbI.
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3.5. UnenTu(uKanmus Ha OCHOBE CHHTYJISIPHBIX PyHKIMH

PaccMoTprM OJHOCBSI3HYIO JIMHEHHYIO JUHAMUYECKYIO CUCTEMY pa3Mep-

HOCTHU 1. Ee MOKHO omnucarth B MMPOCTPAHCTBC COCTOSTHMH

x(¢) = Ax(?) + Bu(?),

3.5.1
y(0)=Cx(), G20

rae x(z) € R" — Bekrop coctostHust; u(f) U y(f) — BXOJHOM U BBIXOJHOU CKaJIsp-
Hble curHaiel, A, B, C — mocTosTHHbIE MaTPUIIbl COOTBETCTBYIOIIUX Pa3MEpPHO-
cteit, HayanbHOe cocTosHue X(0)=0, 0 <¢<T.

Martpuiia A cOanaHCUPOBAHHOTO KAaHOHWYECKOTO MPEACTaBICHUS 3TOU
CHUCTEMBbIHAJICNICHA 3€PKAJIbHOM CUMMETPHUEH OTHOCHUTENIBHO €€ TJIaBHOM Juaro-
Haau. KOMIIOHEHTHI BEKTOpA COCTOSIHUSI CUCTEMBI B 3TOM (hOpME M €CTh CUHTY-
nsipHble QYHKIIMHU TIPU T0/1aue Ha €€ BXOJ JAeIbTa—MMITyJIbCa.

KoaddunmenTsl MaTpuilbl cucTeMbl A 00paTHO MPOMOPIIMOHATBHBI pa3-
HOCTSIM COOCTBEHHBIX 3HAUEHUN TaHKeJieBa orneparopa ((hIum-mMeTo 1 mo3BOJseT
c,b,

i J

HaTH MUMEHHO I/IX) TaK, 49TO d; = . MoxHo I1o0Ka3aTb, 4YTO HA4YaJIbHBIC

3HAYCHHUS! TAHKEJICBBIX CHHTYJSPHBIX (YyHKIMM "BBICEKAIOT" 3HAYEHUSI BXOJ-
BBIXOJHBIX KOA(PUIMEHTOB c¢; = fi(f)). DneMeHThl BeKTopa Bxojna B paBHBI UM,
HO CTPOT'O MOJIOKUTEITbHBI.

CTob MPOCTHIE COOTHOIICHUS YCTAHABIMBAIOTCS MPU YCIIOBUM HOPMUPO-
BaHMS (PYHKIMM Tak, YTOOBI 3HAKH COOCTBEHHBIX UUCENl U KOIP(HUIIMEHTOB BEK-
topa Bxoaa C coBmajaaiu, KpoMe TOro, Hy’KHO YPaBHOBECUTh KBaJpaThl HOPM
CUHTYJIIPHBIX (YHKIIUH, CAETaB X paBHBIMU CUHTYJISPHBIM YHCIIAM CHUCTEMBI.

BwmecTe ¢ TeM, UMITyIbCHYIO BECOBYIO (PYHKIIMIO MOXHO HAaWTHU KAk JIH-

HEMHYI0 KOMOMHALMIO CHUHTYJISpHBIX (DYHKIMI TaHKeneBa oIeparopa

q(t) = by fi(O)+...+ b, [:(2).
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Ilo cpaBHEHUIO C YaCTOTHBIM METOJOM PACCMOTPEHHOE HAIIPABICHUE BbI-
UTPBIBAET MEHBIIUM KOJIWYECTBOM BXOJ-BBIXOJHBIX IKCHEPUMEHTOB. IloMuMO
MIPOYEro, CUHTYJISIpHbIE (YHKUMKA MPUMEHUMBI JIJIs pelIeHus 3ajay Kak napa-
METPUYECKOM, TaK U CUTHaJIbHOU uaeHTU(ukanuu. OcTaHOBUMCS Ha BTOPOM
BUJIE UACHTU(PUKALIUU TOAPOOHEE.

Kak ormedanoch, ¢ 00bEKTOM MOYKHO CBSI3aTh OOJIBIIOE KOJIMYECTBO JIU-
HEWHBIX ONEPATOPOB, OMHUCHIBAEMBIX ypaBHeHHMEM y=Qu , rae Q — marpuna

AUCKPCTHOT'O IIPCACTABJICHUA TUHAMHWKN, MaCCHBbBI

u= [u(to)au(tl)a"'bu(tN)]T A y=[y(to)ay(tl)a"'ay(tN)]T

coJiepKaT BHIOOPKH BXOJIHOTO U BBIXOJTHOTO CUTHAJIOB, B3SIThIE C 1IaroM 4; fy=0,
=T, h=T/N. Kaxxaplif 13 TUHEHHBIX ONIEPATOPOB B3aUMHO OJHO3HAYHO OIHUCHI-
BaeT JMHAMHYECKUN OOBEKT M CBsI3aH C MPOUYMMH MojaenssMu. Hampumep, s
omeparopa CBEPTKHU S HEHYJIEBBIE 3JIEMEHThI MaTpulbl Q IMPONOPLUHOHAIBHBI

oTcueTaM UMITYJILCHOM BecoBOM PpyHKIMH ¢(1)

q¢,) 0 - 0
Q- ) q@) - 0
qty) qly,) - q(%)

Tennunena matpunia Q cuMMETpUYHA OTHOCUTEIHHO MTOOOYHON THaroHa-
nu. [Tocne pazdouenus matpuilsl Ha 6510k Q =[ Q11 Q12; Q21 Q22] M 3epKaIBHOTO
OTPpaXXEHUS HEHYJEBBIX B3JEMEHTOB (Q;; OTHOCUTENIBHO UEHTPAIBLHON BEpPTH-
KJIBHOM OCH, TOJyYMM CHMMETPHUYHYI0 MAaTpHUIly TaHKeJieBa omepaTopa (mpu
paszHecenHbix uHTepBanax) I'=flip(Q ;).

Hwxe nac Oynetr uHTEpecoBaTh, B MIEPBYIO ouepeb, WASHTU(PUKAIUSI Ha

OCHOBC (I)YHKI_II/IOHEUIBHBIX HHBApPHUAHTOB OIICpPaTOpa CBCPTKU.

87



I[JISI HYXI I/II[CHTI/I(I)I/IKaI_II/II/I KOMITOHCHTHBI ITPOU3BCIACHHA Qll nmoAaBCpra-

IOTCA IICPECTAHOBKE, TAK 4YTO

ut,) 0 0

Uq=y, U=1 ”(fl) ”(fO) (:) , (3.5.2)

“(fN) u(tN—l) “(fo)

I7I€ ( — BEKTOP OTCYETOB MMITYJIbCHON BECOBOW XapaKTEPUCTHKH.

B 0oCcHOBE KOPPEISIIMOHHOTO U HEKOTOPBIX APYTHX MOAXOJO0B JIEKHUT, KakK
U3BECTHO, MeToJl HauMeHblux kBaapatoB (MHK), corinacHo koTopoMy BMeCTO
HUCXOHOW CHCTEMBl HCIIOJB3YETCSI CUCTEMAa HOPMAJIbHBIX YpaBHEHHUM
UTUq=UTy . MuterpanbHas ¢popma 3amucu 3TOTO YpaBHEHHS HA3bIBACTCS ypaB-
HeHueM Bunepa-Xonda. Ero ucnonb3yioT B TE€OPEeTHUECKUX HM3BICKAHMSIX, HA
MIPaKTUKE paclpoCTpaHEeHHa MaTpUYHasi MOJeb, OoJiee OJIM3Kask K HEMOCPEACT-
BEHHOMY NMPUMEHEHHIO YUCIEHHBIX METOAO0B JINHEWHOHN anreopshl.

B ortnmmune ot U matpuna MHK u'v CHUMMETPUYHA, OJTHAKO TEPSET Tpe-
YTOJBHYIO TEIUIMLEBY CTPYKTYPY, UYTO YCIOXKHSET alTOPUTMbI YHCIEHHOTO pe-
LIEHUsA, €CJIM HE UCMOJb30BaTh CHEUNAIbHBIA BXOJAHON cUrHaji. TakoBbIM SBIIS-
€TCsl HOPMUPOBAHHBINA O€JNbIN 1IyM, JJi1 KOTOPOTrO MaTpulia CUCTEMbI HOPMaJlb-
HBIX ypaBHeHHH yrporaercs 10 eanananoii U U=E.

Ecnu ykazanHoe ycioBue cO0JI01aeTCs, TO OLEHUBAEMbIE OTCUETHI MM-
IyJIbCHON BECOBOM XapAaKTEPUCTHUKU PABHBI OTCUETAM B3aMMHOUN KOPPEIALMOH-
HOH QYHKIIMH Iy = Uy BXOJHOTO M BBIXOJHOTO CHTHAJIOB, YTO ¥ 3aIHCHIBACTCS
B (hopME PELICHUs ( = I, TMOSACHAIOUIETO CyTh KOPPEIALMOHHOro noaxona. OH
ABJISIETCS, KaK BHJHO, BECbMa YAaCTHBIM CIy4aeM, LIEJIMKOM OCHOBAaHHBIM Ha

CBOMCTBaX BXOJHOTO curHajia. [IpocTora, ¢ KOTOpPOU MoJy4aeTcss UCKOMBIHN pe-

3yJIbTaT, O0ecneunsa eMy HOnyJIspHOCTb.
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Henoctatku Takoro anroputma HACHTU(DUKALMKM  SBISIOTCS TPSIMBIM
MPOJIOJHKEHUEM €ro JOCTOMHCTB. B caMoM 00OOCHOBaHMH KOPPEISIIMOHHOTO
MOAX0Ja YCMAaTPUBAETCS HEpas3peluMoe MPOTUBOpPEUYUE, MOCKOJIbKY TpeboBa-
une UTU=E O03HAYaeT, 4YTO OTJIHWYHAsA OT AWaroHanbHOW Matpumna U moimkHa
OBITH OJHOBPEMEHHO TPEYroJibHOW M yHHUTapHOU. [IpoTMBOpedne cHUMaeETCs
TOJILKO TOT/Ia, KOT/Ia B KAUECTBE BXOJHOT'O CUTHaIa n30upaercst He Oemblil IIyM,
a nenpra-umnyibe (korga U=E), o0a curnana mpenctaBisitor coboil abcTpak-
MU, peaiu3yeMble Ha MPaKTUKE CBOMMH MpuOMmkeHusMu. Kak crenctsue,
TpeOdyeMoe yCIIOBUE HAa BXO/I€ HUKOT/Ia HE BBIMOJIHSICTCS.

O6o03HaunM yepe3 S u /" onepaTop CBEPTKU U T'AHKEJIEB ONEpaTop CUCTE-

Mbl. UUx neiictBue Ha unrepBae (0, T) 3agaercst hopmynaMu
t T

y(0) = Su(t) = [ q(t—vu(r)dr, y(t)=I'v(t) = [q(t + T)v(z)dr.
0 0

31ech U Aanee HapsAy ¢ yKa3aHHBIM ONMCAHHUEM OyIeT paccMaTpHUBATHCS
o0mMii BUJA TaHKeJIeBa ONEpaTopa, OCYILECTBISIOUIETO  OTOOpa)XKeHHE
I':L,(-T,,0)—> L3(0,T,) .

Conepxanue (aumn-Merona NPUMEHUTENBHO K ONEpaTopy CBEPTKH CO-
CTOUT B cieytoleM. B o0iieM, He CyliecTByeT BXOJJHOTO CUTHAJIa, COXPAHSIO-
IIEr0 CBOIO (hOPMY IPU IPOXOXKAECHUN YEPE3 CUCTEMY C HYJIEBBIMU HAYaJIbHBIMU
ycnoBusiMu. CuTyanus U3MEHSIETCsl, €CIIM PaccMaTpuBaTh BXOAHOW CUTHAJ Iie-
PEBEPHYTHIM BO BPEMEHH. DHEPreTHUECKHE XapaKTEepPUCTUKU CUTHAIa MHBApU-
aHTHBI K TAKOMY IIPe00pa3oBaHUIO BX0Ja. Tak yTO CUHTYJIsIpHbIE (DYHKIIMH OTie-
paTtopa CBEpPTKH TOKIECTBEHHbI COOCTBEHHBIM (PYHKLMSAM oOIlepaTopa, Iojydae-

MOT'O BBIACJICHUEM €TO MYHBTHHHHKaTHBHOﬁ CHMMCTpH‘IHOﬁ qacCcTH.
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Martpuna S MyJIbTUINIMKATUBHOW CHMMETPUYHOM YacTH CBsi3aHAa C Mart-
puuei T onepartopa cBeptku npousBeaeHuem T=SP, rne P — nepecraHoBoOuYHas
MaTpuila, OCYIIECTBISIONIAs PACCTAHOBKY CTOJIOIOB S B 00paTHOM MOPSIIKE, IO
oTHoIIeHUO K T.

4030809071 CJI0BaMH, MaTpulia S umeer BU]

0 0 q(ty)
S= & 0 Q(fo) Q(:fl)
qt,) - q(tyy) q(ty)

Takum oOpa3om, BeIOOpKa f, comeprkaiiue 3HaYCHUS CHHTYJIIPHON (yHK-
MU omiepaTopa CBEPTKH, y/oBieTBopseT ypaBHenuto S f = A f, roe A — coOct-
BEHHOE YHCIIO S, MOAYJTh A — CHHTYJISIpHOE YuCJIO G MaTpuibl T.

3naueHns f MOXXHO HAWTH WTEPAllMOHHO HCIIONB3YS (PIIMI-METO, T.C.
10/1aBasi HOPMUPOBAHHBIA M Pa3BEPHYTHI BO BPEMEHHU BBIXOIHOW CUTHAJ CHC-
TeMBbI Ha ee BXoi. Kak mpaBwmiio, mociie HECKOJIBKUX HUTEPAIlHid, TPOIECcC CXO-
JTUTCS K TJIAaBHOMY CUHTYJISIpHOW (GyHKIUU. [lonydyeHHass GyHKIHS MOXKET OBIThH
WCITOJIb30BaHa JIUIS UACHTU(UKAITIH.

DTO 00CTOSTENHCTBO CIENYET M3 PACCMOTPEHHUsS CHUCTEMBI YPaBHEHHM,

IMPUMCHHUTCIIBHO K HAILICMY CIIy4aro HMCIOHICﬁ BU

f&y) 0 -0

f(tN—l) f(tzv) 0

Fq=Af, F=h (3.5.3)

f(to) f(tl) f(tN)

W3 ypaBHeHUst BUIHO, YTO KpalHHWE 3HAYEHHUS CUHTYISApHON (yHKIMH

CBSI3aHBI MEXKIy cO00M Tak /f(tn)q(ty) = Mto).
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Ecnu 3axaTh HayalbHbIE 3HAYEHUSI CHUHTYJSPHBIX (QYHKUUNA HEKOTOPHIM
o0LIMM YyCIIOBUEM HOPMHUPOBKH, TO XBOCTOBbIE MX YAaCTH "BBICEKAIOT" CHEKTP
(T.e. TPOMOPIMOHANIBHBI CUHTYJISAPHBIM 4uciiaMm). Dnun-meron Gopmupyer
[JIaBHYIO CUHTYJISIPHYIO (DYHKIIMIO, OTBEYAIOLIYI0 MAaKCUMaJbHOMY CHUHTYJISIp-
HOMY YHCIly omeparopa cBepTKU. YpaBHeHHE (3.5.3) mo3BossieT OAHO3HAUHO
naiitn q = L F'f.

3amMeTHM, YTO MO YCJIOBHAM 3aAauu Matpuna F TpeyronpHas, 4to nenaet
ee 0cCOOEHHO YA0OHOM ISl MPUMEHEHHUs YUCIIEHHBIX METOJIOB JINHEWHOHN anreo-
PBL

PekyppeHTHBIN anropuTM MOUCKa OTCYETOB ¢(f) UMMYJIbCHOM BECOBOM
XapaKTepUCTUKH MO OTcYeTaM f(f) CHUHTYIApHON (QyHKIMH omepaTtopa CBEPTKH

BBITJIAAUT TaK

A S(t) - Z gt )ty r.)

_Af) -
q(to) h ) q(%;) IR (3.5.4)
Hopmupyewm f(ty)=1, Torna ¢gopmyssl ypomarTcs
A A =
qlio) = -/ o), q(®) =;f(fi)—2q(fj)f(fN_i+j)- 3.5.5)

B nporiecce pekypcuii ommOKy alropuTMa HaKarsiuBaloTCs K XBOCTY UM-
IYJIbCHOW BECOBOM XAPaKTEPUCTUKHU, YTO MOMKHO HCIOJB30BATH JJISI KOHTPOJIS
YCTOWYUBOCTHU BBIYUCIICHUN.

[Tnoxo 00ycnoBIeHHBIE 3a1a4K — HE HOBOCTb B CIIEIIUATILHON JIUTEpaType,
HO KaKOBBI ObI HM OBUTM METOJIbl PETYJISIPU3AINK, BCETIa UMEETCS MPpeIe ILI0-
X0 00YCIIOBJIGHHOCTH, TIPH KOTOPOM B YHCJICHHOM PEIICHUH YPaBHEHUU HEIlb-
31 MOJIyYUTh HU OJHOIO BEPHOrO 3HaKa. MIMEHHO 3TOT YHMKaJIbHBIM CIIydai,
paccMaTpUBaeMblil, HEPEAKO, KaK JOCAJTHOE HEAOpa3yMEHHUE, KOTOPOTO cTapa-

I0TCA I/136C)KaTB, MMPUBJICKACT TCIICPbh HAILIC BHUMAHUC.
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Bwmecto "pemenus" Hepemaembix ypaBHeHui P 0 = R ux cinenyer pasne-

JUTH HA UHPOPMATUBHYIO MEPBYIO U MATIOMH(OPMATUBHYIO BTOPYIO YACTH

Pl Rl
PO=R,P= ,R= . (3.5.6)
P2 R2

3n1ech U Jajee UCHoib3yeM O0O3HAUeHHs] MAaTpHI] U BEKTOpa peLeHUs, TUITNY-
HbIe JUIS 3a7a4 MeToaa HauMeHblnux kBaapatoB (MHK), P — cummerpuuna.

O60011eHHOE B3BEIIEHHOE TIceBaopenieHne ypapuenuss MHK
0 =00+ W (P;W) (R;—P;0,),

naet peurenre, MuauMusmpyomee | W '( 0 — 8y) ||, T.e. HauGonee 6im3Koe K
BEKTOpPY MNpUTSHKEHUS ), comeprkalleMy anpHOpPHYIO OLIEHKY HCKOMBIX Mapa-
MeTpoB. [lonmbITka HANTH TCEBIOPENIEHUWE HEMOCPEICTBEHHO MO YKa3aHHOMU
dbopmyne NpUBOIUT K HEOOXOAMMOCTH IceBA00OpamaTs npousBereHue PiW,
YTO IJIOXO O ABYM IMIPUYUHAM.

Bo-niepBbix, ymMHOkeHME HA W HapyliaeT CUMMETPHUIO MaTPUIbl METOAA
HAaMMEHbIIUX KBajapatoB P u HeompaBoaHHO cyXaeT BBHIOOP YHMCIEHHBIX
cpenctB. Bo-BTopeiX, ymHOKeHHe P Ha MaTtpuily BeCOB CIOCOOHO YXYIUIUThH U
0e3 TOro MmIoXyrw O0YCIOBICHHOCTb 33/1a4l: 3a KAYECTBO B3BEILIEHHBIX OLEHOK
MIPUXOJNTCS IUIATUTh CEPbE3HBIM YBEJIWYEHHEM HArpy3Ku Ha BBIYHCIIHMTEIb.
IIpu xopouieil OpraHu3aluy BIYMCIECHU MaTpULla BECOB UCIOJIB3YETCS TOJIBKO
TaM, r1€ OHa JACHCTBUTEIILHO HY)KHA, HE OTPAXKASCh HA pacyeTe, €ClIu CUCTEMa
ypaBHEHHI XOpomio oO0ycioBieHa. B mMpoTUBHOM cilydae Takke HE CIeAyeT
cnemnth ¢ yMHOkeHueM P; ma W. Jlydiie oOpatuth HEBBIPOKIEHHBIN OJIOK
Matpuilsl Py He mocie, a 70 yMHOKEHUS ero Ha AucOanaHCUpYIOMUi (pparMeHT

BECOBOM MAaTpPUILIBI.
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PaccMOoTpuM IIpeariochlIKM K IIOCTPOCHUIO YMCIIEHHOro ainropurMma. Ha
MIEPBOM JTare 1eJib BBIUUCIECHUN MOXKET COCTOSITh B (POPMUPOBAHUU Hapaliu-
BAaE€MOT'0 JIEBBIM YTIJIOM HEBBIPOKIEHHOTO KBaAPaTHOTO 0JI0ka O CUMMETPUYHOM
Matpuilsl P, conpoBoxaaemom nepecranoBkoi ctpok P, R (u cronbuos P, una-
4ye OHa IoTepsieT cumMmeTpuro). IlepectaHoBKa MCKIIIOYAET U3 PACCMOTPEHMS
MI0X0 OOYCJIOBJIEHHBIE YPaBHEHUs, TPYNIHUPyEMble CBOMMHU KO3 (ULIMEHTaMU

B HIDKHEH 4acTu MaTpHull, TaK 4TO

HapamuBaemblii 6JI0K HY>KHO TPEJICTaBUTh B BHUJAEC NMPOU3BEICHUS IBYX
comuoxureneit O=LL', roe L — HIDKHETpeyrojibHas Marpuiia. Eciu npeobpa-
30BaHHE JOBEJICHO /0 KOHIIAa, B TOM CMbICIE, yTO 00K O OXBaThIBaeT cOOOi
BCIO MaTpully P, ToO anropuT™M 3aKaHUYUBAETCSl CTAHAAPTHO PEIICHUEM ABYX CHC-

TEM C TpCYI‘OJIBHBIMI/I ManI/II_IaMI/I
LX=R, LT0=X,

YTO COOTBETCTBYET hopmyiie O = P 'R.

BoeruncnuTenbHbIA METOJT TOJKEH YYUTBIBATH Clydai, Korja pa3Mmep OT-
HOCHUTEJIBHO XOpOIIo 00yCIOBIEHHOTo 0yioka O MEHbIlle pa3MEPHOCTH 3aJauH.
Torpa Hactynaer yepen nceBaooOpaienus npoussenenus PyW, rae cormacHo
npuHATEIM o0o3HaueHusiM P1= ( O | D ), maTpuIly BECOB Takke cenapupyem Ha

ook W=diag(W,,W, ), Tak 4to

PW=(LL"'| D)W=L(L"W,|L'DW,).

T
IMPOU3BCACHUC L W1 — HCBBIPOKIACHHAA BCPXHCTPLCYT'OJIbHAA MaTpula.
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[Ipeamnosioxkum, 4TO MbI OTBICKAJIM OpTOroHaNbHYIO0 MaTpuily H, Hampu-
Mep, MeToioM XaycxoJjaepa, Takylo, YTO YMHOKEHHE Ha Hee aHHYJIHPYET OCTa-
TouHbli 610k L 'D W,, T.e. (PtWH)H '=L (G | 0) H', npudem G — tereps
y’K€ HEBBIPOXKJICHHAs] HUKHETPEYTOJIbHAsI MaTPHIIA.

TceBnoobpauienne npousseaenus PW = (PyWH)H ' cBexercst k 06bI4-
HOM MHBEPCHH M MEPECTAHOBKAM HEBBIPOXKICHHBIX KommoneHT L, G, H', Ta-
kuM o6pazom (PW)'=H (G ' |0)" L.

Hckomoe peuICHUC MPCACTAHCT B BUJIC

—1y -1
0= 90 + PW+ (R] —Pleo) = 90 + WH GL (Rl - Pleo) .
0

[IpuBeneHHas BhIllIe cXeMa — He 0oJiee, YeM IJIaH BBIYUCIICHHUH, KOTOPbIN
HaJ0 €Ill¢ pean30BaTh KOHKPETHhIMU AehcTBUsIMU. [lepBoit ¢azoii BeIOpaH ai-
roput™ Tpuanrymspusaiiin O=LL". Metox XoIemKoro mopoxaaer cemMeificTBo
aNIrOpUTMOB, 00bETMHEHHBIX 001Iel naeei. B Hamem ciyyae UTOroM BhIYHUCIIE-
HUW JOJDKHA CTaThb HE TPEYroJbHAsl, a TPANCLUHUEBUIHAS MATPULA PA3JI0KEHUS
P, necymas B cebe nomumo L undopmanuio o L 'D, rae L' B sBHOM BHzE He
BbIUKCIIAeTCA. [JI1 DKOHOMMHM B TakuX Ciydasx Marpuny P HapammBarT 10-
TOJHUTEIHHO BEKTOPOM, TTO/UIEXKAIIMM yMHOKeHno Ha L', O6brdno 510 R, HO
3nech eme u POy wim pasnocts R — POy. Pacnipoctpanennas moaudukanus
Merona Xoienkoro GopMHpYeT HHXKHETpeyroibHyo matpuny L Ha mecte P,
cTonber] 3a ctonbuoM. Takoil moaxo He MO3BOJSET TUIAHUPOBATH MEPECTAHOB-
KM, CTOJIb BaXXKHBIE MPHU PEIICHUU BBIPOKIEHHBIX 3aaa4. [loaToMy nanee Oyaet
PacCMOTPEH MHOM BapUaHT, KOTOPBIM 3aHAT UTEPALlMOHHBIM YTOYHEHUEM BCEH
nuaroHamu L. Ha kaxxaoM mare pekypcuu MOKHO, OYEBHUJIHO, OIEPETHCS HA

mo0yIo cTpoKy u cronber P.
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Cronb e UTepallMoOHHO, 3a0erasi BIEpe], MOKHO PacCUMTHIBATH J00a-
BOYHBIN BeKTOp B P, momMenaemspiii 0OBIYHO B HUXKHIOIO CTPOKY. Ero aymemMeHTh,

1
obpasyromnue L R, natot nporno3 nagenus HeBsisku MHK Ha mare anropurma.

Puc. 3.5.1. Pa3Menienue pe3yabTaToB YHUCICHHOT'O METO/A.

I"'opusoHTanbHbIE CTpenKku Ha pucyHke 3.5.1., o0o3Havaromue 3asBIiICH-
HbI€ MMPOTHOCTHYECKUE JIEUCTBUS BAOJIb JHMArOHAIU, CIEIYET OTPa3uTh BEPTH-
KaJIbHO BHU3 Ha JOTMOJHUTEIBHYIO CTPOKY, M TOT/Ia O0IIasi cXeMa BBIYMCIICHUM
Oyzner nosnHa. KaHoHM4Yeckasi cxema anroputma XoJeIKOIo, HaleJeHHOro Ha

00paboTKy yOBIBAIOIIUX 10 BBICOTE CTOJIOIIOB, UMEET BHU]I

k-1 k-1
L= Py _Z szj > Likz(P,'k _Z L,’ijj) [ Lk,
= =

J

rae k=2 .. n, ctapt k=1 cL;;=/P, u L, =P;,/Ly, i=k+1..n+1.
Pucynok 3.5.2 moscHseT coaepKUMoe Tpex OJIOKOB TparneluueBHIHON
CTPYKTYpPBbI, KOTOpasi UMEET BBICOTY MaTpullbl P, pacmmpeHHoN cTpoKon R".
HapamuBaemasi BHU3 JIEHTa CTOJIOLIOB IMO3BOJISIET UTEPAIIMOHHO BBIYMC-
JSATh KBaJAPAThl MOJOKUTEIBHBIX JUATOHAJIBHBIX JIEMEHTOB, MYCTh HAa MEPBOM
mare L,-,-2 = P; (coBmamarmT ¢ qUaroHajblo) U Jajee L,-,-2=L,-,-2 - L; k,lz JI BCEX

i=k..n.

95



~ . T

3aberaronuii Briepesl pacyeT CHHXPOHHM30BaH C KOppekuuer ctpoku R

Tak, uyto 31eMeHThl R ;= (R;— R L; +)/L;;. Beiunuciennsie BIpoK, OHU JTAaIOT
nporuo3 najaeHust Hepsizsku MHK, nmomoraromuii BeIOpaTh U MepecTaBUTh B MO-

3ULIMIO k BeAyiue cTpoky u ctonoer] P u anement R.

(L'B)' o

LR nporsos Qu[u:> A=l y-Z0 P

Puc. 3.5.2. Conepxxumoe 0J10KOB TpaneueBUIHON CTPYKTYpBHI.

JIJist IpO0JIKEHUST UTepaluii HYKHO cOpachIBaTh JIETUTENN IPHU BCEX He-
COCTOSIBINMXCSI KOHKYpeHTax ameMeHToB Ly u Ry, T. €. R;= R; L mia =k+1..n.
Oroil ha3el MOKHO H30€XkKaTh, O0JIee aKKypaTHO 0Opaliasch ¢ NaMAThbIO BbIYKC-
murenss. HeBsi3ky MeToJa HAWMMEHbIIMX KBaJIpaToB C MAaTpPULAMHU P=27",
R=yZ' 0603Ha4NM HA [arax HTEPaINU KaK Ak=||y—Z0(k)||2, HayaJIbHOE 3HAYECHUE
ee MAaKCHMYMa paccumThiBacTCs Kak Ag = ||y||>, ero ciemyeT BBIHECTH Kak jo-
MOJIHUTEIBHBIN 3JIEMEHT PAaCIIMPEHHON AMAroHajd U YMEHbIIATh UTEPALMOHHO
Ha BHIOpaHHYIO BennunHy Ay = Ar — Rf .

3axmounTenbHas (aza Merona. Ecnu mpoiiecc TpUaHTyJIspU3alMM 3a-
BEPIINJICA BBIYHCICHHEM pasnoxkenneM P=LL', mo MmecTy XpaHeHms ydact-
BYIOIIETO B MTepaImsax Bektopa R okaspiBaercs mpomssenenne L 'R, Tak 4to
COBCEM HECJIONKHO OyJeT PelIUTh CUCTEMY L'0=L'R u IOJIyYUTHh OTBET HeE-
BBIPOXKICHHOM 3a7aun. Eciii o ToM Wiau MHOM NMpUYMHE TPUAHTYIISpU3AIUs Oc-
TaHABJIMBACTCS, B ONOKaX UTOroBoil Tpamenuesuanoil Matpuusl T=(L' | L™'D)

BbI1aeTCsl OOLIMpHAs HHGOpMAIUs AJIs OCIEAYIOIIET0 aHAIN3a.
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CMBICTT TTOCTEAYIOIINX YUCICHHBIX OMepaIiiii COCTOUT B TOM, YTOOBI YTI-
POCTUTH OPTOTOHABLHBIMU MTpeoOpa3zoBanusiMu ¢ MaTpuiieii H B3BeleHHy0 Ipu
nomomu W Tparemuio TW=(L"W, | L 'DW,), tak uto TWH = (G | 0), rze ot
HYJISI OTJIMYEH TOJIBKO HIKHUM TpeyroyibHUK G.

Martpuiia opTOroHaidbHBIX MpeoOpazoBaHuil Xaycxoinjepa, aHHYJIUPYIO-

arast HpaBBIﬁ 6JIOK, HUMCCT BU

= (E- 2UU1 ) (E— 2U ) (E—2UU ),
U'y, U'u Uy,

rae U; — onopHble BekTOphl npeoOpa3zoBaHuil Xaycxoijaepa, alfOpUTM COCTaB-
JIEHUS! KOTOPBIX MOAPOOHO onucaH B [76 , c. 58].

Peanuzanust TpuaHryispu3aldyd MaTpUIlbl HE OrpaHMYEHA YKa3aHHBIMU
npeoOpa3oBaHUsIMHU, MOXKHO NPHUBJIEKATh Takxke NpeoOpasoBaHusi ['mBeHca u
Apyrue Moau(pUIUPOBAHHBIE AITOPUTMBI.

Pacuer 3aBepiiaetcs o gpopmyiie

0 =90+PW+ (Rl—P190)=90+WH( 0

G'L'(R, - Plﬁo)j

VunrsiBas, uto (PyW)=(LTW)'=(TW)'L "', urorn MOXHO MOIBECTH

nHaue, 1o hopmyiie

0=0,+P, (Rl—P190)=90+W(TW)+( 0

L_l (Rl - PlBO)j

IMPpUBJICKAA OJIA IICCBIOWMHBCPCHUUN B3BCIICHHOM TpaHCHHCBHHHOﬁ MaTpUIbl 00-

JICC HpOCTOﬁ B aJITOPUTMHUYICCKOM OTHOIICHHUU MCTO/ FpeBI/IJ'IJ'IH.
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3.6. BeiBoabI

B nayke Hepenko ObIBA€T, UTO OJHHM HANPABJICHMS €€ Pa3BUBAsCh MUTAIOT
coboii apyrue. B Hayane mpouuwioro CTOJICTHS HIBEICKUNA MaTeMaTHK OPHUK
®penroabM oOpaTHJ BHUMaHHUE Ha CXOJCTBO MEXAY MHTETpalbHBIM ypaBHEHH-
€M U CUCTEMOM JIMHEHHBIX anreOpandecKux ypaBHEHUN.

Ha 3T0o11 0CHOBE OH CO37a71 TEOPUIO HACTOJIBKO YCHEIIHYIO, YTO OTO BbI-
3BaJIO MPUCTAIBHBIA UHTEpeC Ha cemuHapax JlaBuna ['mnsbepra u, noznuee, oT-
pasuioch B paboTax 3ToH 1Kokl Bo BTOpO# MOJI0OBUHE CTONETHS HMHTEHCUBHO
COBEPILIEHCTBYIOTCS BBIUUCIUTEIbHBIE METOJbl JIMHEHMHOW anreOpbl, BbIIBH-
HYBILEH CUHTYJISIPHbIE YUCIAa MATPUL] B Ka4yeCTBE IOKa3aTesiei, LIUPOKO HC-
MOJIB3YyEMBIX B 3ajayax peaykuuu. HeynuBHTENbHO, 4TO BCIEH MOSBISAIOTCS
CUHTYJISIPHBIE YHUCIA, HO TENEeph yKe, MepellaTOuHbIX (YHKUUNA THHAMHYECKHX
cucteM. Takum 00pa3oM, MbI BUAMM, UYTO Yepe3 MOJMUTKY padOUMH UAESIMU CO
CMEXHBIX 00J1aCTel 3HaHUM, pa3BUTHE UIET U TeePb.

3amaun JMHEWHOM anreOpbl CBSI3aHbl MPEUMYILIECTBEHHO C pEHIeHUEM
YPAaBHEHHM W C TMOUCKOM COOCTBEHHBIX YHCEI U COOCTBEHHBIX BEKTOPOB.
JuckpeTHble yacToTHble XapaktepucTuku (JUX) nuHEHHBIX AMHAMUYECKUX
CUCTEM BO3HUKAIOT IPU (PMHUTHOM YIIPABJIEHUH, KOT/Ia BpeMs CYIIECTBOBaHUS
CHUCTEMBbI OTPaHUYECHO. JIMHEHbIE TUHAMUYECKUE CUCTEMBI BXOJAHBIX CUTHAJIOB
no ¢opme He MOBTOPsAIOT. HenmpuHuunuanekHo, BIpo4yeM, Kak Mbl paccMaTpuBa-
€M BBIXOJIHOM CUTHaJI, B IPSIMOM WJIM MHBEPCHOM BpeMEHH. Tak Kak JMHaMHU4e-
CKasl CUCTEMA CUTHAJl UCKAYKAEeT, UHBEPTUPYEM BBIXOHYIO 3aBUCHUMOCTb.

Mo>XHO TIpOBECTU TaKOW HATYPHBIM SKCIEPUMEHT C PEaIbHbIM 00BEKTOM
U yOeIUThCs, YTO UTEPAllMM MOJAaYd CHTHajla C BXOJla Ha BBIXOJ| CXOJSTCS Ha
BBIXOJI€ K CUTHAITy, OBTOPSIOLIEMY BXOJHOH 1O popme.

[lepen Hamu cobctBeHHass PyHKIUS TUHAMHUYecKOM cucteMbl. Ho kakoB
ATOT CHUTHaJl, KaK OH AHAJIMTHYECKU omuchiBaeTca? (OKa3pIBa€TCA, YTO OTBET

cBsi3aH ¢ 0a3ucHbIM HabopoM curHanos JUX.
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3akirouyeHue

JIuneitHOM TUHAMUYECKOW CUCTEME MOXKHO COMOCTAaBUTH OOJIBIIOE KOJIH-
YeCcTBO JIMHEWHBIX ornepaTopoB. McciaenoBanue ux oOMIMX CBOWCTB COCTaBIISAET
MpEAMET CIEUUABHBIX JUCUUILINH, TAKUX KaK CIIEKTpajbHas TEOPUs ONEpaTo-
pPOB U p. BO3MOKHOCTH aHATUTUYECKOTO U3yUYEHUS] OTPAHUYEHBI B CBA3U C BbI-
COKOM CJIOKHOCTBIO BOZHUKAIOIKUX IIPU ITOM MATEMATUYECKUX 3a/1a4.

Otcroa sicHa MOJE3HOCTh MpeIaraéMoro B KHUTEe (PIIMI-MeTona Kak
yIOOHOrO MHCTPYMEHTa HCCIeOBaHUS B 00JacTH, OOratodl MpakTUYECKUMHU
MPUMEHEHUSIMU, TAKUMHU, KaK uJIeHTu(UKanus cucreM. [1onoxxuTenbHbIM Kaye-
CTBOM (hIUN-MeTOo/Ia SIBIsIETCS ero MHAMPGEPEHTHOCTh K HAMYUIO MAaTeMaTH-
YECKOTO OMHUCAHUSl CUCTEMBI, KOTOPOE HCIOJb3yeTCd B caMOM OOIIEM BHJIE
TOJIBKO Ha JTalle IUIAHUPOBAHUS UTEPALMOHHOIO SKCIIEPUMEHTA.

Ha xoHeyHOM MHTepBasie BpEMEHU IJIaBHAsl CUHTYJsIpHas GyHKUHUS UTpa-
€T, MOoXanyi, OOJBIIYIO POJIb B OMMCAHUU CUCTEMBI, YEM UMITYJILCHAS BECOBas U
MEPEXOIHAsT XapaKTEPUCTUKH. DTO HOBas U BEChbMa MEPCIEKTUBHAS XapaKTEpH-
ctuka. Knaccuueckas AUX, 310 rpaduk aMIUIUTYJHBIX KO3(DPUIIMEHTOB ycuiie-
HUS IPOCTBIX TapMOHUK. CMBICI 00CyX)aaeMoro ¢popmMain3mMa CBOAUTCS K TOMY,
yro JJUX nexutr Ha AUX (kodpPuimenTsl ycuiieHus KpyroBblx TapMOHUK pac-
MTOJI0’KCHBI HA HEM).

Kaxxnas cuctema umeeT CBOM CIEKTP M CBOW 0a3uc, onpeensieMblil mpo-
¢duemM 4acTOTHOM XapakTepUCTUKHU. ba3uc cTaHOBUTCA OOIIMM JUIsl BCeX JAMHA-
MUYECKUX CHUCTEM TOJBKO IMPHU Mepexoje K a0CTpaKkuu — OECKOHEYHOMY HH-
TepBany. OTMETHM, YTO AUCKPETHBIE CIEKTPhI, OOBIIEHHOCTh (PU3UUECKUX CHUC-
TEM, OINHCHIBAEMBIX HA MUKPOCKOMMUYECKOM ypoBHE. CIIEKTpAJIbHBIE JINHUM CE-
puun banbMepa MOpoKIar0TCs KBAAPATHYHON XapaKTEpUCTUKOM, KOTOpasi UMEET
MHoro obmero ¢ JJUX aBoitHOro uHTEerpaTopa. OT0 €CTECTBEHHOE 0000IIeHHE
JUCKPETU3UPOBAHHOIO “3aKoHa HproToHa” ma=F, paccMaTpuBarOnIero CUCTEMBI

BTOPOI'O IopAaKa, BO3BMOKHO, HMCCT TOCTATOYHO FHY6OKOC COACPIKAHUC.
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bunn Teiitc, o6s1anaronuii HECCOMHEHHBIM YYyTheM B 00JIACTH HOBBIX TEX-
HOJIOTUH, TIPEANPUHSIT 3HAYUTENBHBIC YCWIHS ISl U3MEHEHHS OOJMKa CEeTH:
BBIKYITHJI TpaBa M Pa3MECTHI B HEH 3HAMEHUTHIE (PCHHMAHOBCKHE JICKIHH IO
¢duznke. ITO MpUMEP TMOTOKUTEIBHOTO N3MEHEHHS OKPYKaIOIIEH HAC peallbHO-
CTH, TIOSBJICHUS MPUHIMIHAIGHO HOBBIX CETEBBIX HOCUTENEH HH(OpMAIUH.
bymaxupix kaur ne Oyzaer. Uepes 10-15 net ux mpocto He craner. OHU OcTa-
HYTCs JIWIIb B TOM BUJE, B KAKOM Ceiuac CyIIECTBYIOT IPaMILIACTHHKHU U Kacce-
Tol. "lleuaTHBIN Tpya" Tak WM UHAYE YCTYIUT MECTO DJICKTPOHHOMY apXHUBY.

B CKAMHET, maremMaTnueckoii cetn apropa mathscinet.ru, MO>XHO per-
CTpUPOBAThH OJIOTH M KYpPHAIBI C MATEMAaTHYECKUM COJEpKaHUEM. DTO HEKOTO-
pasi aJibTepHATHBA TEKCTOBBIM cepBepam lib.ru, proza.ru, aldebaran.ru u T.11., Or-
paHWYeHHBIM B (DyHKIIMOHAJIC TIPEICTABICHHS JaHHBIX. B MaTeMaTu4eckoii ceTu
MO’KHO TIPOBOJIMTH MaTeMaTHYECKHE IKCIIEPUMEHTHI. B Hell oTpakeHa paccMar-
puBaeMas B KHUTE 3a/1a4ya, Ooyiee Toro, 3To Oirkaiiiee Oyayiiee Bceit MUPOBOI
MayTHUHBI, TOCKOJIBKY MaTeMaTHKa — OOIIasi HHTEPECHAs BCEM JUCITUILTNHA.

CrnenyeTr yuuThIBaTh, YTO HE BCE CETH IPEOAOJEIH SI3BIKOBBIM Oapbep,
OOIIICHWE TMPOUCXOTUT Ha pPa3HBIX s3bIKax. JIokambHBIN (HEceTeBOi) CepBHC
npeanaraetcs Scinet Math. Boo6mie CkaliHeTOB 110 MUpPY MHOTO U OHHM OYE€Hb U
oueHb pabotocriocoOHbl. B Amepuke 310 6a3a nanHbix (poOoT, cepBep) Amepu-
KAHCKOT'O MaTEMaTHYECKOro oOIIecTBa, co3aHHoro eme B 1888 B Huio-Mopke
no nHunmaTuBe Tomaca @ucke. B kagectBe 0Opasma mociyxmwio JIoHmoHCKOE
MaTeMaTHYeCKoe OOIIEeCTBO, paboTa KOTOPOTO Mpou3Besa OOJbIIoe BIeYatie-
HUE Ha OyyIero NepBoro HaAy4yHOTO CeKpeTapsl.

Cyry0o mparMaTu4ecky Hay4HbIE CETH OTIMYAIOTCS APYT OT Apyra Habo-
POM CEepBHCOB, KOTOpPBIE MHTEPECHBI JIJIs TOJIB30BaTeNsl. B MaTemaTHueckoi ce-
TH yTIOP ClIeJIaH Ha MCTIOTHSIEMbIE C JINCTa alTOPUTMEI M Ha OTOOpaKeHHE MaTe-
MaTHYeCKON aHuManuu U rpadukoB. CylIeCTBYIOT pecypchl, B TOM YHCIE U
google.com, SKCTIEpUMEHTHPYIOIINE C pEAAKTOPaMH TEKCTOB on line, HO B coue-

TaHUM C MaTEeMaTUKOM MMPCAJIOKCHUC HOBO JAXKC JIJIA MC)KIIYH&pOI[HOﬁ APCHBI.
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