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Abstract

Propus (which means twins) is a construction method for orthogonal
±1 matrices based on the propus array

A B C D
C D −A −B
B −A −D C
D −C B −A.

This construction, based on circulant symmetric ±1 matrices, called
propus matrices, is aimed to give aesthetically pleasing visual im-
ages (pictures) when converted using MATLAB. It gives symmetric
Hadamard matrices.

We give two constructions and note that using these results, we are
able to find images (pictures) for propus-Hadamard matrices for orders
4n, n < 100 odd, where n is not in

{11, 17, 23, 29, 33, 35, 39, 43, 47, 53, 65, 71, 73, 77, 83, 85, 93,

101, 103, 107, 109, 113, 123, 125, ...}.

A computer algorithm seems to be needed to find further results.
We give variations of the above array to allow for more general

matrices than propus matrices, including the Goethals-Seidel-Propus
matrices.
We show how conference matrices can be used to find propus-Hadamard
for n even.

We refer the interested reader to mathscinet.ru/catalogue/propus/.
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1 Introduction

Hadamard matrices arise in Statistics, Signal Processing, Combinatorics,
Cryptography, Weaving, Spectroscopy and other areas. They been studied
extensively. Hadamard showed [12] the order of an Hadamard matrix must
be 1, 2 or a multiple of 4.

An Hadamard matrix of order n is an n × n matrix with elements ±1
such that HH> = H>H = nIn, where In is the n× n identity matrix and
> stands for transposition. For more details see the books and surveys of
Jennifer Seberry (Wallis) and others [27, 31] cited in the bibliography.

Propus is a construction method for orthogonal ±1 matrices, A, B = C,
and D, where

AA> +BB> + CC> +DD> = constant I,

I the identity matrix, based on the array

A B C D
C D −A −B
B −A −D C
D −C B −A.

This construction, based on circulant symmetric ±1 matrices, called
propus matrices, is aimed to give aesthetically pleasing visual images (pictures)
when converted using MATLAB. It gives symmetric Hadamard matrices.

We give methods to find propus-Hadamard matrices: using Williamson
matrices and D-optimal designs. Many delightful visual images are included.
These are then generalized to allow non-circulant and/or non-symmetric
matrices with the same aim to give aesthetically pleasing visual images
(pictures) and symmetric Hadamard matrices.

We show that for

• q ≡ 1(mod 4), a prime power, such matrices exist for order t = q+1
2 ,

and thus propus-Hadamard matrices of order 2(q + 1);

• t ≡ 3(mod 4), a prime, such that D-optimal designs, constructed using
two circulant matrices, one of which must be circulant and symmetric,
exist of order 2t, then such propus-Hadamard matrices exist for order
4t.

We note that appropriate Williamson type matrices may also be used to
give propus-Hadamard matrices but do not persue this avenue in this paper.
There is also the possibility that this propus construction may lead to some
insight into the existence or non-existence of symmetric conference matrices
for some orders. We refer the interested reader to mathscinet.ru/catalogue/
propus/.

2

mathscinet.ru/catalogue/propus/
mathscinet.ru/catalogue/propus/


1.1 Definitions and Basics

Two matrices X and Y of order n are said to be amicable if XY > = Y X>.
We define the following classes of propus like matrices. All propus like

matrices A, B = C, D are ±1 matrices of order n satisfy the additive property

AA> +BB> + CC> +DD> = 4nIn, (1)

I the identity matrix.
We make the following definitions:

• propus matrices: four circulant symmetric ±1 matrices satisfying the
additive property (use P );

• propus-type matrices: four symmetric ±1 matrices satisfying the addi-
tive property and which are pairwise amicable (use P );

• good-propus matrices: four circulant ±1 matrices, one of which must
be symmetric, which satisfy the additive property (use GP );

• Goethals-Seidel-propus-type matrices: four ±1 matrices satisfying the
additive property, one of the four must be symmetric, and be pairwise
amicable with the other three; the other three pairwise commute (use
GSP ).

We use three types of arrays into which to plug the propus like matrices:
the Propus array, P , the good-propus array, GP , the Goethals-Seidel-Propus
(GSP ) arrays. These are

P =

A B C D
C D −A −B
B −A −D C
D −C B −A

and as with good matrices ([30])

GP =

A BR CR DR
CR D>R −A −B>R
BR −A −D>R C>R
DR −C>R B>R −A.

or GSP =

A B C D
C D> −A −B>
B −A −D> C>

D −C> B> −A.

Symmetric Hadamard matrices made using propus like matrices will be called
propus-Hadamard matrices.
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1.2 Propus-Hadamard matrices from Williamson matrices

Lemma 1 Let q ≡ 1(mod 4), be a prime power, then propus matrices exist
for orders n = q+1

2 which give propus-Hadamard matrices of order 2(q + 1).

We note that for q ≡ 1(mod 4), a prime power, Turyn [28] gave Williamson
matrices, X + I, X − I, Y , Y , which are circulant and symmetric for orders
n = q+1

2 . Then choosing

A = X + I, B = C = Y, D = X − I

gives the required propus-Hadamard matrices.
We now have propus-Hadamard matrices for orders 4n where n is in

{1, 3, [5], 7, 9, [13], 15, 19, 21, [25], 27, 31, 37, [41], 45, 49, 51, 55, 57,

59, [61], [63], 67, 69, 75, 79, 81, [85], 87, 89, 91, 97, 99, 105, 111,

115, 117, 119, 121, 127, 129, 157, [169], 181...}.

This means we do not yet have the cases

{11, 17, 23, 29, 33, 35, 39, 43, 47, 53, 65, 71, 73, 77, 83, 93, 99,

101, 103, 107, 109, 113, 123, 125, ...}.

The cases written in square brackets [5],[13],[25],[41],[61],[63],[85],[113],[145],
[181] arise when q is a prime power, q = 9, 25, 49, 81, 121, 125, 169, 225, 289
and 361 respectively, may need to be investigated further for inequivalent
results.
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(a) P12 (q = 5;n = 3) (b) P28 (q = 13;n = 7)

(c) P36 (q = 17;n = 9) (d) P60 (q = 29;n = 15)

Figure 1: Propus-Hadamard matrices for orders 4n

1.2.1 Propus matrices of small order and from q prime power

The cases 5, 13, 25, 41, 61, 63 and 85 have arisen from prime powers and
while they exist, we may need investigate further to establish inequivalent
results. In fact we have results by computer search for q = 5, 13 and 25 with
circulant matrices.
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(a) P20 (q = 9;n = 5) (b) P52 (q = 25;n = 13)

Figure 2: Propus-Hadamard matrices for orders 4n

This family is considered to contain two propus-Hadamard matrices of
orders 4 and 20 based on symmetric Paley cells A = Q + I, D = Q − I
(constructed using Legendre symbols) and two symmetric circulant matrices
C = B. C = B = J for n=5. This special set can be continued with
back-circulant matrices C = B which allows the symmetry property of A to
be conserved.

1.3 Propus-Hadamard matrices from D-optimal designs

Lemma 2 Let n ≡ 3(mod 4), be a prime, such that D-optimal designs,
constructed using two circulant matrices, one of which is symmetric, exist
for order 2n. Then propus-Hadamard matrices exist for order 4n.

Djokovic and Kotsireas in [8] give D-optimal designs for n =69, 75, 77 and
87 constructed using two circulant matrices. From Djokovic and Kotsireas [7]
we have that D-optimal designs exist for n ∈ {3, 5, 7, 9, 13, 15, 19, 21, ...27, 31,
33, 37, 41, 43, 45, 49, 51, 55...63, 69, 73, 75, 77, 79, 85, 87, 91, 93, 97, 103, 113, 121,
131, 133, 145, 157, 181, 183}. We are interested in those cases where the D-
optimal design is constructed from two circulant matrices one of which must
be symmetric.

Suppose D-optimal designs for orders n ≡ 3(mod 4), a prime, are con-
structed using two circulant matrices, X and Y . Suppose X is symmetric.
Let Q+ I be the Paley matrix of order n. Then choosing

A = X, B = C = Q+ I, D = Y,

to put in the array GP gives the required propus-Hadamard matrices.
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Hence we have propus-Hadamard matrices, constructed using D-optimal
designs, for orders 4n where n is in

{3, 7, 19, 31}.

The results for n = 19 and 31 were given to us by Dragomir Djokovic.
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(a) D6 (n = 3) (b) GP12 (n = 3)

(c) D14 (n = 7) (d) GP28 (n = 7)

(e) D38 (n = 19) (f) GP76 (n = 19)

Figure 3: D-optimal designs for orders 2n propus-Hadamard matrices for orders
4n
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1.3.1 Three Equal

The family given above included two starting Hadamard matrices of orders
12 and 28 based on skew Paley cells B = C = D = Q+ I (constructed using
Legendre symbols). This special set is finite because 12 = 32 + 12 + 12 + 12

and 28 = 52+12+12+12 and these are the only orders for which a symmetric
circulant A can exist with B = C = D.

(a) P12 (n = 3) (b) P28 (n = 7)

Figure 4: Propus-Hadamard matrices using D-optimal designs

2 Propus-Hadamard matrices from conference
matrices: even order matrices

A powerful method to construct propus-Hadamard matrices for n even is
using conference matrices.

Lemma 3 Suppose M is a conference matrix of order n ≡ 2(mod 4). Then
MM> = M>M = (n − 1)I, where I is the identity matrix and M> = M .
Then using A = M+I, B = C = M−I, D = M+I gives a propus-Hadamard
matrix of order 4n.

We use the conference matrix orders from [1] and so have propus-Hadamard
matrices of orders 4n where n ∈

{6, 10, 14, 18, 26, 30, 38, 42, 46, 50, 54, 62, 74, 82, 90, 98}.

The conference matrices in Figure 5 are made two circulant matrices A
and B of order n where both A and B are symmetric.

Then using the matrices A + I, B = C and D = A − I in P gives the
required construction.
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See http://mathscinet.ru/catalogue/propus/twocirculant/.

(a) C10 (n = 3) (b) CP20 (n = 3)

(c) C26 (n = 13) (d) CP52 (n = 13)

Figure 5: Conference matrices for orders 2n using two circulants: poor propus-
Hadamard matrices for orders 4n

The conference matrices in Figure 6 are made from two circulant matrices
A and B of order n where both A and B are symmetric. However here we use
A+ I, BR = CR and D = A− I in P to obtain the required construction.

10



(a) C10G (n = 5) (b) CP20G (n = 5)

(c) C26G (n = 13) (d) CP52G (n = 13)

Figure 6: Conference matrices for orders 2n using two circulants: rich propus-
Hadamard matrices for orders 4n

There is another variant of this family which uses the symmetric Paley
cells A = Q+ I, D = Q− I (constructed using Legendre symbols) and one
circulant matrix of maximal determinant B = C = Y .

2.1 Propus-Hadamard matrices for n even

We have given visualizations (images/pictures) of propus-Hadamard matrices
for Hadamard matrices of orders 8, 16, 24, 32 in Figure 7. These have even
n.
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(a) P16 (n = 4) (b) P32 (n = 8)

Figure 7: Matrices P16 and P32

2.2 Summary

The above constructions mean we have propus-Hadamard matrices for orders
4n, n < 200 odd, where n ∈

So we do not yet know of propus-Hadamard matrices for orders 4n,
n < 125 odd, where n ∈

{11, 17, 23, 29, 33, 35, 39, 43, 47, 53, 65, 71, 73, 77, 83, 93,

101, 103, 107, 109, 113, 123, 125, ...}.

3 Conclusion and Future Work

There are many constructions and variations of the propus theme to be
explored in future research.

Visualizing the propus construction gives aesthetically pleasing examples
of propus-Hadamard matrices. The visualization also makes the construction
method clearer. There is the possibility that these visualizations may be
used for quilting.

We can also consider other patterns for the matrices A,B,B,D for exam-
ple A> = A, BR, BR, DR with B and D skew or A> = A, BR, BR, DR
with B skew. These are dependent on how 4n = a2 + b2 + c2 + d2 can be
written as the sum of four squares; the skew matrices yielding b2 = c2 = 12.
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